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Introduction

The field of fractional calculus, which generalizes classical calculus by allowing deriva-
tives and integrals of non-integer orders, has emerged as a powerful framework for
modeling complex systems with memory and hereditary properties. Over recent
decades, fractional calculus has found widespread applications in physics, engineer-
ing, biology, and control theory, owing to its ability to more accurately describe
phenomena where traditional integer-order models fall short.

Among recent advancements, variable-order fractional calculus has attracted con-
siderable attention. Unlike classical fractional derivatives of constant order, variable-
order operators allow the order of differentiation or integration to vary with respect to
time, space, or other parameters, offering a more flexible and realistic modeling tool
for dynamic processes whose behavior evolves over time. Such models have been
successfully applied in fields including viscoelastic materials, anomalous diffusion,
control systems, and electrochemical processes. However, the theoretical analysis of
differential equations involving variable-order derivatives remains relatively less ex-
plored compared to the constant-order case, particularly concerning boundary value
problems (BVPs).

In many physical and engineering applications, boundary conditions play a cru-
cial role. Among them, anti-periodic boundary conditions naturally arise in systems
with alternating behaviors, such as heat conduction with sign-reversing sources, elec-

tromagnetic oscillations, and biological rhythms. While extensive studies have been
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conducted on constant-order fractional BVPs, there exists a noticeable gap in the
literature regarding variable-order fractional differential equations with anti-periodic
boundary conditions. This motivates the present study.

The main objective of this thesis is to investigate the existence of solutions and
the stability analysis (in the sense of Ulam-Hyers-Rassias stability) for a class of
Riemann-Liouville variable-order fractional differential equations under anti-periodic
boundary conditions. Our approach combines the use of fixed point theorems and
Green’s function construction in suitable Banach spaces, providing rigorous exis-
tence criteria and stability results. Moreover, illustrative examples are provided to
demonstrate the applicability and sharpness of the theoretical findings.

The study of stability, particularly Ulam-Hyers and Ulam-Hyers-Rassias stability,
has become an important area in the qualitative analysis of differential equations.
Initially posed by Ulam in 1940 and first addressed by Hyers in 1941, stability theory
has since expanded and now forms a cornerstone in understanding the behavior of
solutions under perturbations. In this work, we extend these stability concepts to
variable-order fractional differential equations, enriching the theory further.

This thesis is organized as follows:

Chapter 1 introduces essential preliminaries, including fundamental definitions,
properties of constant and variable-order fractional calculus, key fixed point theo-
rems, different types of stability, and the role of Green’s functions in solving boundary
value problems.

Chapter 2 is devoted to establishing existence results for the proposed boundary
value problem. Using analytical techniques based on fixed point theory, we derive
sufficient conditions guaranteeing the existence of solutions.

Chapter 3 focuses on the Ulam-Hyers-Rassias stability of the solutions obtained.
The stability results are proven under appropriate assumptions, and their significance
is highlighted through theoretical analysis and presents concrete examples that illus-
trates the validity of the main results. These examples confirms both the existence

and the stability properties of the solutions under study.
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Through this work, we aim to fill a gap in the current literature by providing
a solid theoretical foundation for the study of variable-order fractional differential
equations with anti-periodic boundary conditions. The results presented herein not
only generalize existing works on constant-order problems but also open pathways for
further research in fractional modeling and its applications across various scientific

disciplines.



CHAPTER 1

PRELIMINARY

This chapter introduces some important fundamental definitions which are used

throughout this thesis.

1.1 Notations and definitions

The symbol C'(1, IR) represents the Banach space of continuous functions sc : I — IR
with the norm

]l = Sup{|»(t)| - t € I},

and

b
LPla,b] = {f : |a,b] — IR; f is mesurable in [a, b] and / |f()]Pdt < 00,1 <p< —l—oo}.

1.2 The Gamma function

One of the basic functions used in fractional calculus is the Euler Gamma function.

It extends the factorial function to real numbers and even to complex numbers.

Definition 1.1. (/9]) For z € C such that Re(z) > 0, Euler’s Gamma function is
defined by the following integral:
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+oo
['(2) :/ e 't dt. (1.1)
0
Proposition 1.1. The Gamma function satisfies the following properties:

1) The recurrence relation : for all z € C such that Re(z) > 0 then

I'(z+1) =2I'(2)

And for every n € N* then :

I(n)=(n—1)!

Especially I'(1) = 1.
2) The representation of the Gamma function by the limite:

nln?
(z)= I
LW P R

with Re(z) > 0.

3) The derivative: The Gamma function is indefinitely differentiable on IR

its derivative is:

W(z) = Il (z)]

4) Some special values of the Gamma function:

For z = —,
2
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1
Forz:n+§,n611\1*,

1.3 The Beta function

Definition 1.2. (/9/) The Beta function is a type of Euler integral defined for com-

plex numbers z and w by:

1
B(z,w) = / =711 — )Y ldt, (1.2)
0
with Re(z) > 0 and Re(w) >0

Proposition 1.2. For z,w € C with Re(z) > 0 and Re(w) > 0 the Beta function

satisfies the following properties:

1) The Beta function is linked to the Gamma function by the following relation-
ship:

2) The Beta function is symmetric, that is to say:

B(z,w) = B(w, 2).

3) The Beta function can also take integral forms:

ro] 3

B(z,w) = 2/ sin®*~*(#) cos®” 1 (0)do
0

400 tz—l
B(z,w) = S
(Z w) /0 (1 + t)erw
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4) The derivative of the Beta function is given by:

9 - ['(z) _ I'(z+w)
5, B(zw) = B(z,0) (p(z) a P(z+w)>'

Definition 1.3. (/9]) The generalized binomial formula (%) for a € C where n € IN

s given by :
a) a\ ala—1)---(a—n+1)
()=, (B)=memblonsh (g
In particular, for « = m € IN, we have:
m m!
<n) = ey (mon € Nem > ), (1.4)
and
m

<n) =0,(m,n € IN;0 <m <n) (1.5)

Definition 1.4. (/9]) This formula can be expressed in terms of the Gamma function
for a & Z* as follows:

(Z) B n!Flgiva—+nl%)— 1)’ (a SGagdone ]N) o)

Definition 1.5. The Beta function is defined by:

1
B(z,y) = / (1 =)Vt 3,y > 0. (1.7)
0

The change of variable
u=1-—t

Allows us to show that the Beta function is symmetric, then:

B(z,y) = B(y,z)
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It can also take the following integral forms:

1 a
B = o [

[e%¢) ta:—l

s

B(z,y) = /2Sin2x_1(0) cos?1(6)do.
0

The Beta function and the Gamma function are linked by the following formula:

B(z,y) = T@)Iy) (1.8)

1.4 Fractional calculus.

1.4.1 Fractional calculus of constant-order

Definition 1.6. ([13, 15/). The left Riemann-Liouville fractional integral of the
function f € L'([a,b],R) of order o € R, is defined by

I f(t) = m/ (t — 5)* 1 f(s)ds,

where I'(a) is the gamma function.

Definition 1.7. ([13, 15]). The left Riemann-Liouville fractional derivative of order
a > 0 of function f € L'([a,b],Ry), is given by

D)0 = s () [ 6= o sy

n—a)
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here n = [a] + 1 and [a] denotes the integer part of . If a € (0, 1], then

d 1 d

(D10 = GIEHO = mmay g5 | (=97 (5)ds

The following properties and lemmas are some of the main ones of the fractional

derivatives and integrals.

Proposition 1.3. We have

Dof =1"°f if a<0,
DAIef = [*Bf if BE€0,a)

Ezxample:

T I(B—a+l)

Doztﬁ — Mtﬁ*a” ’Lf 6 > _1,57&04— ]_,04—2,...,06—71,
Dote—i = 0.i=1,2,...n.

For f(t) =1, we get
1
DYl = ——t7¢ N.
I'(l-a) af

For a € N, we get, of course, D*1 = 0 due to the poles of the gamma function at the
points 0, —1, =2, ....

Lemma 1.1. (/13]). Let a > 0, a > 0, f € L'(a,b), D% f € L*(a,b). Then, the
differential equation
Dg+f — 0

has unique solution
f@)=wi(t—a)* +uw(t—a)* 2+ .. Fwt—a) "+ . Fw(t —a)* ™,

wheren = [a] +1, w; € R, i =1,2,...,n.
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Lemma 1.2. ([13]). Let « >0, a >0, f € L*(a,b), D% f € L*(a,b). Then,
DY) = fO)twi(t—a)* T Hwy(t—a)* 2+ Fwi(t—a)* T Fwn(t—a)* ™,

wheren =[a]+1, w; € R, i =1,2,...,n.

Lemma 1.3. ([13]). Let « >0, a >0, f € L*(a,b), D*.h € L*(a,b). Then,
Dg I3 f(t) = f(t).
Lemma 1.4. ([13]). Let a, 8> 0,a >0, f € L*(a,b). Then,

I T () = I T2 f(t) = TSP (1),

1.4.2 Fractional calculus of variable-order

Definition 1.8. (/18, 25]). For —oco < a < b < +00, we consider the mapping
a(t) : [a,b] = (0,+00). Then, the left Riemann-Liouville fractional integral (RLInVo)
of variable-order «(t) for function f(t) is expressed by

bt g)(s)-1
1°Yr) = / %Jc(s)ds, t>a, (1.9)

where the gamma function is denoted by I'(«).

Definition 1.9. (/18, 23]). For —oo < a < b < 400, we consider the mapping
a(t) : [a,b] = (n—1,n), n € N. Then, the left Riemann-Liouville fractional deriva-

tiwe of variable-order «(t) for function f(t) is expressed by

DO f(t) = (%)"]:;au) £(t) = (%)” / t (;ZnS)—naa((;;)l f()ds, t>a. (1.10)
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Obviously, if the order «a(t) is a constant function «, then the Riemann-Liouville
fractional derivative of variable-order (1.10) and Riemann-Liouville fractional inte-
gral of variable-order(1.9) are the usual Riemann-Liouville fractional derivative and

Riemann-Liouville fractional integral, respectively; see [13, 18, 19].

Remark (|24]). Generally, for functions «(t) and 5(t), the semigroup property

does not hold, i.e.,
LR 1) # 1200 (0

Example: Let

2, tel0,2],
a(t) =

1, te€j2,6],

1, tel0,2],
pt) =

2, t€]2,6],

and f(t) =t, t €[0,6].

Step 1: Compute Igf)]gf)f(t)

bip_ gyl s (g 2)Br-1
1010 = [ [y e

Splitting over the two intervals:

e e [ U e ]

Evaluating the inner integrals:

2 2 t 3 2
(t—s)s / s> s b
— [ L85y, ST %) ds.
/0 ore) “T L, \6 26"
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Step 2: Compute Ig‘f)w(t)f(t)

a0+ Pt — g)&) AL
1) = /0 ( f(s)ds.

Evaluating at ¢t = 4:

2 2 4,3 2
(4—s)s / s> s° b
= [ ———d —— —+-=s5]d
/0 2(2) 3—!—2 6 2+6s s

5 17 22

SYRSTRREYE

a(t)+,8 t)f( )|

2 (4 _ s)2+1_1 4 (4 _ S)1+2—1
Y /A PO I S A
A re+1 ® L r1+2)

11 5 16

“utuTw
Conclusion

OO F(#)1ma # I8 (1)) 1y

Thus, the semigroup property does not hold for the variable order fractional
integral with this choice of a(t) and S(t).

Lemma 1.5. ([26]). Let o : I :=[0,T] — (1,2] be a continuous function, then for
feG(ILIR) ={f(t) € C(I,R), £°f(t) € C(I,IR)}, (0<0 < minyes |a(t)]),

the variable order fractional integral ]gﬂgt)f(t) exists for any points on 1.
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Lemma 1.6. (/26]). Let o: I :=[0,T] — (1,2] be a continuous function, then
1Y f(t) e C(I,R) for f € C(I,R).
Definition 1.10. (/1, 25]/). A generalized interval is a subset I of R which is either

an interval (i.e. a set of the form |a,b], (a,b),[a,b) or (a,b]), a point {a}, or the
empty set ().

Definition 1.11. ([1, 25]). If I is a generalized interval. A partition of I is a finite
set P of generalized intervals contained in I, such that every x in I lies in exactly

one of the generalized intervals I in P.

Example: The set P = {{1}, (1,6),[6,7),{7}, (7,8]} of generalized intervals is a
partition of [1, §].

Definition 1.12. ([1, 25]). Let I be a generalized interval, let f : I — R be a
function, and let P a partition of I. f is said to be piecewise constant with respect

to P if for every I € P, [ is constant on I.

Example: The function f : [1,6] — R defined by

;

3, 1<x<3

\

is piecewise constant with respect to the partition {[1, 3), {3}, (3,6), {6}} of [1,6].

Definition 1.13. (/1, 25]). Let I be a generalized interval. The function f: I — R
is called piecewise constant on I, if there exists a partition P of I such that [ is

piecewnse constant with respect to P.

Theorem 1.1. [11](theorem of Ascoli-Arzela). Let A C C(J,IR), A is relatively

compact (i.e A is compact) if:
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1. A is uniformly bounded i.e, there exists M > 0 such that

|f(x)] < M for every f € A and z € J.

2. A is equicontinuous i.e, for every € > 0, there exists 6 > 0 such that for each

xz,y € J, |lx —y| <0 implies |f(x) — f(y)| <€, for every f € A.

1.5 Green’s Function

Green’s functions are named after the mathematician, George Green, who first
developed the concept in the 1830s. In the modern study of linear partial differential
equations, Green’s functions are studied largely from the point of view of fundamen-
tal solutions instead. It is an important mathematical tool that has application in
many areas of theoretical physics including mechanics, electromagnetism, solid-state
physics, thermal physics, and the theory of elementary particles. For the solution
of Boundary value problems associated with either ordinary or partial differential
equations, one requires a brief knowledge about Green’s function. Unfortunately,
it took many years to emerge from the realms of more formal and abstract math-
ematical analysis as a potential everyday tool for the practical study of Boundary

value problems.
Fundamental Concept
Initially we solve, by fairly elementary methods, a typical one-dimensional
boundary value problem for the understanding of Green’s function.

Consider the differential equation,

Lu(z) = f(x) (1.11)

where L is an ordinary linear differential operator, f(z) is a known func-
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tion while u(x) is an unknown function. To solve the above equation,
one method is to find the inverse operator L~! in the form of an integral

operator with a kernel G(x, ) such that,

u(e) = I f(a) = / G, €)f(€) de (L12)

The kernel of this integral operator is called Green’s function for
the differential operator. Thus the solution to the non-homogeneous
differential equation (1) can be written down, once the Green’s function
for the problem is known. For this reason, the Green’s function is also

sometimes called the fundamental solution associated to the operator.

1.6 Some fixed point theorems

Definition 1.14. Let T : M C X — X be a bounded operator from a
Banach space X nto itself. The operator T is called a k-set contraction

if there is a number k (0 < k < 1) such that
u(T(A)) < kp(A)

for all bounded sets A in M. The bounded operator T is called condens-
ing if
u(T(A)) < p(A) for all bounded sets A in M with u(M) > 0.

Obviously, every k-set contraction for 0 < k < 1 is condensing. Every

compact map 7' is a k-set contraction with £ = 0.
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Theorem 1.2. (Banach’s fized point theorem [13]). Let C be a non-
empty closed subset of a Banach space X, then any contraction mapping

T of C into itself has a unique fixed point.

Theorem 1.3. (Schauder fixed point theorem [13]). Let X a Banach
space and () be a convex subset of X and T : Q) — @ s compact, and

continuous map. Then T has at least one fized point in Q).

Theorem 1.4 (Leray—Schauder Alternative [8]). Let X be a Banach
space and T : X — X be a completely continuous operator. Assume
that the set

{reX : x=NT(z), 0< <1}

is bounded. Then T has at least one fixed point in X, that is, there exists
x* € X such that T(x*) = z*.

Remark: This theorem is useful in situations where the operator T'
is not a contraction but still compact and continuous, and where an a

priori bound on the approximate solutions can be established.

1.7 Types of stability

Theorem 1.5. (/2, 17]) Let k € C(I,IR), the boundary value problem is
Ulam-Hyers-Rassias stable with respect to k if there exists ¢y > 0, such
that for any € > 0 and for every solution z € C(I,IR) of the following
inequality

DAY (8) + (£, 2(0)| < enlt), t €1, (1.13)
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there ezists a solution v € C(I,IR) of boundary value problem with
|2(t) — x(t)| < cren(t), t e 1.

Theorem 1.6. (/2, 17]). The boundary value problem is Ulam-Hyers

stable if there ewists cy > 0, such that for any € > 0 and for every
solution z € C(I,R) of the following inequality

DG 2(t) + f(t, 2(8)| < e, tEL, (1.14)
there exists a solution x € C'(I,R) of boundary value problem with

|2(t) —x(t)| < cre, t € 1.



CHAPTER 2

STUDY EXISTENCE AND UNIQUENESS
OF SOLUTIONS

2.1 Introduction

In this chapter we deal with the existence of solutions for Riemann-
Liouville fractional differential equations with anti-periodic boundary

conditions of variable order in the format

DWy(t) = f(t,y(t)), t € I,
DW=2y(0) = =DV =2y(T), , (2.1)
DW=y (0) = —DU1y(T),
where I = [0,7], 0 < T < 400, 1 < a(t) < 2, respectively, f: I xR —
R, and D*® denotes the Riemann-Liouville fractional differential of vari-
able order «(t).
This chapter is divided into the following sections : two important results

are as follows : one is relied on the Banach contraction principle, and the



2.2 Existence of solutions 22

other one is relied on Leray—Schauder Alternative fixed-point theorem.

2.2 Existence of solutions

All our original main results in this chapter are discussed in this section.

Some assumptions are presented as follows.

(H].) Letn € Nand P = {11 = [O,Tl]) Iy = (Tl,TQ],T;g = (TQ,Tg], W, =
(T,—1,T]} represent a partition of the interval I, and let «(t) : I —

(1,2] be a piecewise constant function respect to P, i.e.,

(), iftel,
9, iftelg,

at) = Z a, I;(t) = <

| an, if L E Iy,
where 1 < «; < 2 are constants and I; indicates the interval for I; :=

(T;-1,T;),i = 1,2, ....,n, (with Ty = 0, T,, = T) such that

1, te T,
I;(t) = { Jor

0, for elsewhere.
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For each ¢ € {1,2,...,n}, the symbol E; = C(J;,R), indicated the Ba-

nach space of continuous functions x : I — R equipped with the norm

E, — Sup\y( )\
tel;

then, for any t € I;, i = 1,2,...,n, the left R-Liouville fractional
derivative of variable order «(t) for function y(t) € C(I,R) is

1 m—1 d2 T o
BPETI0) (; a /T,“(t =) yls)ds

+% Tl(t — s)l_aiy(s)ds>. (2.2)

Thus, for any ¢t € I;, 1 =1,2,...,n, (2.1) can be written as

1 i—1 dQ Ty . dQ t )
e — - — —Qg _ _ —Qy
a2 ), 9 et g y(s)ds)

= f{t,y@)). (2.3)

In the case, when () = 0 on t € [0,7;_4], the equation (2.3) is reduced

to
D g(t) = f(t,9(1)), te
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So, we consider the following Riemann-Liouville fractional differential

equations with anti-periodic boundary conditions of constant order
DO‘; y(t) = f(ty@), te I,

(Ti-1) —Dal y(T), (2.4)
(Ti-1) ;1 1y(T)

Z
Z

T+

T, y
y
\

Lemma 2.1. Let i € {1,2...,n}, f: [; x R — R be continuous and
there exists 6 € (0,1) such that t°f € C(I; x R, R).
The solution of (2.4) is given by

W0 = o [ = s = g [ s

F(Oéz> T, -
toz,;f2 T;
- -1 /a“(Ti —Ti1—2s)f(s,y(s))ds. (2.5)

Proof Let y € C(I;,R) be a solution of (2.4). Employing the operator
I7%  to both sides of (2.4), we find (see Lemmal.2)
i—1

y(t) — Wt 4 wotaiﬂ + I;i f(t,y(t)), (2.6)

i—1
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where wy, wy are constants.

Using (2.6), we have

D Ly (t) = w () + I f(t, y(t)).

From Do‘q YW(Ti_y) = D;Yf+ 1y(T) we conclude that

1 T

20 () Jr,,

f(s,y(s))ds,

wp, = —

since I27% (1%~ 1) = ()t and 1279 (% 2) = T'(oy—1

ary condition DT+ 2y(Ti—) = —DO‘; 2y(T;) we get

T+Tzl
wo = ) fS?J

N M/ 1(T s)f(s,y(s))ds.

Thus -
~ [ Gt o
T 1
where G;(t, s) is Green’s function defined by:

( tei—1 (Ti—Tifl—QS)taiiz

Gi(t, S) = <

1
—or@] — e n — T eyt —
Qi <s S t S CZ—ZL';
iml (Ti=Tyy—2s)ti 2

T (ay) 4T (o —1)
T <t<s<T,

), from the bound-



2.2 Existence of solutions 26

where 1 = 1,2, ..., n.

Then, y solves integral equation (2.5).

Conversely, let y € C(I;,R) be a solution of integral equation (2.5).
Regarding the continuity of function ¢ f, we deduce that y is the solution
of (2.4).

Introduce the following assumption:

(H2) Let the function f : I x R — R is continuous and there exists a

constant K > 0, such that,

1 f(t, 1) — f(t,y2)| < K|y — 1l

for any y1, yo € R, t € I and 6 =2 — «.

Theorem 2.1. Assume that condition (H2) hold. Then the problem
(2.4) has a unique solution in Cs[T;_1,T;] if

(T; = Ti1)(a; — 1)
4

K(aj* = T3 |

o _ o 1l 77

(2.7)

o — _08)(T2 W T2
( 1)‘(E;_;(Siggl_g(s_;l_—l%;)} < 1.
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Proof. For any function y € Cs[T;_1,T;], The operator defined as

follows

HM)=Ié@£T@—ﬁ“V®w@M&@;@0Tfﬂamwﬁ

_ % /Tl(Tz —Ti-1 —2s)f(s,y(s))ds. (2.8)

It follows from the properties of fractional integrals and from the con-
tinuity of function ¢’ f that the operator F' : Cs[T;_y, T;] — Cs[Ti_1, T}]
defined by (2.8) is well defined.

In view of (H2), for every t € [T;_1,T;], we have

O|(Fu)(t) = (F0) (1)
ety i (= )77 fls,uls) = £ (s, 0(5))|ds
oty I | £, u(s) = F(sv(s)) | ds
by = T T+ 281 (s, u(s)) = f(s,0(s)|ds
< K[ty 57— ) uls) = o()lds + grtey fr 57 lu(s) — u(s)lds

T; _
i 5| T = T — 25| Ju(s) = v(s)lds|.

<
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By the definition of ||.||s, we obtain

[(Fu)(t) = (Fv)(@)]s
sk [F(tja) thz——l s72(t = 8)% M u(s) — v(s)|ds + (a5 fg 57 u(s) — v(s)|ds
taen o, s !|u — o(s)lds]

1-26 1— 26
K(T T )|:T5(T T )OtZ ]._|_ _'_‘ T Tz 1 (az )‘

<

(1-20)T'(« )

(a;—1) | (((1=26)(T? 2 _r2-26)

Accordingly, by (2.7), the operator F' has a contraction structure. Thus,
F involves a fixed point uniquely which is the unique solution of of
problem (2.4).

We will prove the existence result for (2.4). This result is based on
Leray—Schauder Alternative fixed point theorem.

Assuming that the following assumption is satisfied:

(H3) Let f : I x R — R be a continuous function and there exists a
constant /N > 0 such that
1f(t,y)| <N, Vte L,y R and § =2 — a.

Theorem 2.2. Let the conditions of Lemma 2.1 and (H3) be satisfied.
Then, the (2.4) possesses at least one solution in Cs[T;_1,T;].
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Proof: Consider the set
Br, = {y € C5[T;-1, T3], |lylls < Ri}.

Let

. N(T' —T0)
N (1 - 5)F(&2)

(%—1)(1—5)(1}2 P T)*

2(2 = 0)(T}° — Tyq)t0 H

(1 = Ti—1)(a; — 1)
4

[T5(T T )l 4 2 +‘

For all i € {1,2,...,n} the ball By, is a convex, closed bounded non-
empty of Cs[T;_1,T;]. Now, we shall show that F satisfies the assumption
of the Theorem 1.4. The proof will be given in three Steps.

Step 1:
Let Bpg, be a bounded set in Cs[T;_1,7;]. Hence Bpg, is bounded on
C[T;-1,T;] and there exists a constant N such that
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ta‘f(t,y( ))‘ < N,Vy € Bg,,t € [TZ 1 ] Thus

t|(Fy)(t)]

Nt [ Nt [T
< / st — s)% tds + / s70ds
F(yl) Ti—l 2F( ) 1

N T;
i AT (o — 1) /

m

T, — T, 1 — 23’3_5d3

V(I ) o Ty |(Ti= T = 1)
S e -T2

(0 = V(1 = 8T~ T)
© Paesa-mm

which implies that

T17 _ o 1 .
[(Fy)lls < Gorist [T9(T = Tyt + 5 4 | Gligllon

|

(=1 (1-0)(T7° -T2
2(2-0)(T} °~T,2Y)

Hence F(Bpg,) is uniformly bounded.
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Step 2:
For t1,t2 € I;, t1 <ty and y € Bp,, estimate

1Y) () — B(Fy) ()
=ik i, [fi = 5177 = 5t = 9] (s
i St — ) (s y(9))ds — B [ (s, y(s)ds|
< N(|rt 7 {t‘s(tl—s)o‘i — th(ts — )] ds

Iey) JTi
tl tQ) Tz
= fTi_ldS‘)'

t
~ a7 S t5(ty — ) 1d8‘ +

Hence ’tfls(Fy)(tl) —tg(Fy)(tg)‘ — 0 as [t; —ta] — 0. Thus t°F(Bg,)
is equicontinuity. Consequently, the operator F' is compact.

Step3: Consider the set
Q={yeR\y=nFy,0<n<1}

and show that the set €2 is bounded. Let y € 0, then y = nFy,0 <n <
1. For any t € [T; — 1,T;], we have

(O] < [ m i (= 90 s, y()lds + 4 [ 1F (s, y(s)lds

‘ds} .

i~ T;
+4F(O[l—1 T’i—l
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We have

N(T} =T o i T T 1
I(Fy)lls < W[Tﬂﬂ B N )( IES)

|

(@i~ (1-0) (TP ~T77)

ey

This implies that the set €2 is bounded independently of € (0, 1). Using
Theorem 1.4, we obtain that the operator F' has at least a fixed point ,
which implies that the problem (2.4) has at least one solution.

Now, we present our existence result for (2.1).

Theorem 2.3. Suppose that both (H1), (H2) hold, and inequality (2.7)
be satisfied for all i € {1,2,...,n}. Then, (2.1) possesses unique solu-
tion in Cs[0,T].

Proof. According to Theorem 2.1 the (2.4) possesses unique solution
gi S C(S[Cri—b,‘ri]'
For any ¢ € {1,2,...,n} we define the function

07 te [071—%—1]7
Yi=19 -
Y, te Ii)

Thus, the function y; € Cs[T;_1, T;] solves the integral equation (2.3) for
t € I;, which means that y;(0) = 0, vy;(7;) = v:(1;) = 0 and solves (2.3)
fortel;, ie{l,2,...,n}.
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Then the function,

is a solution of (2.1) in Cjs[0, 7.



CHAPTER 3

STABILITY AND APPLICATIONS

3.1 Ulam-Hyers-Rassias Stability

We introduce the following assumption:

(H4) The function k € C(I,R}) is increasing and there exists 3, > 0
such that

D0 k(t) < By k(t), for tel;, i=1,2,...,n.

i—1

Theorem 3.1. Let the conditions (H1), (H2), (H3) and (H4) be satis-

fied.
Then, the (2.1) is Ulam-Hyers-Rassias stable with respect to k.

Proof Assume that x(t) satisfies the inequality (1.13), then the inte-
gral inequality
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xi(t) — ﬁf;i_l(t—s)aiflf(s,xz( ))ds + 5 tal fT S (s, mi(s))ds

+ wamn S (T = Tt — 28) f (s, 2i(s))ds
< € I%?_1+/£(t) <€ By K(t).

holds.
Let y be a the unique solution of (2.1). According to Theorem 2.3, y is
given by

y(t) = y;(t) for t € I;, where

0, te [0,7}_1], 1=1,2,...,n,

vi, tel.

and y; € E; is a solution of (2.4). According to Lemma 2.1 the integral

equation

W) = e [ (€= o) ds = g [ flse)as

Ti

holds.



3.1 Ulam-Hyers-Rassias Stability 36

Let t € I; where ¢ € {1,2,...,n}. Then we obtain

(1) —y(®)] = |2(t) — wi(t)| = |i(t) — i(t)]

1 t a;—1 (s S taiil v S. xS S
< Joit) = gy [ = oo + g [ s
i 4F(t; —1) /Ti_ll(Ti —Ti1 = 2s) f(s,2i(s))ds
1 ! a;—1 (s)) — s.u:(s s
. H%LAA“_@ f(s,24(5)) — f(5,5i(5))|d
a;—1 T;
* 2tF(ozz~) /T” Fo ) = Jlo)ds
tai_2 T; T - 5 ~ d
* mfﬂ i — T —28)| (s, i(s)) — f(s,4i(s)) |ds
< memu%%n;>£h8”@—6W”%Kumﬂ—@@ﬂws
+ ;r(;) /T s7(Klai(s) = Gi(s)])ds
+ 4Ff:41_— 1) /T (T; — Ti—1 — 25)s (K |zi(s) — 5i(s)])ds
(t—T) Y0 =T 10 e Y (T = T4 1)
< Been(t) + K| = oTa) ! 201 9T (@)
=2 T — T, TP’ =Ty’ ~
* AT (o — 1) ((T _Tl’*)( 1—6 ) N ( 2§ ))]“% ~Uille,
< B er(t) +nllz -yl

Then,

lo =yl (1=n) < Beerlt)
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or for any t €

B
oft) = y(0)] < i = ol < T2t
Therefore, the problem (2.1) is Ulam-Hyers-Rassias stable with respect

to K.

3.2 Numerical results

Example 1:
Let I :=1[0,2], To = 0, Ty = 1, T» = 2. Consider the follow-
ing Riemann-Liouville fractional differential equations with anti-periodic

boundary conditions of variable order

DOy (p) = 2 <1+siny(t)), tel,
2

0+ - 9t (3.3)
Dy y(0) = = D5y (2), DY Hy(0) = =Dy My (2),
where
S tel :=][0,1],
at) = { g 1= (011 (3.4)
3, tEIQ :]1,2]
Denote

t

Ft,y) (1 +siny(t)>, (t,y) €0,2] x R.

:9—|—et

By (3.4), we consider two auxiliary Riemann-Liouville fractional dif-
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ferential equations with anti-periodic boundary conditions of constant

order S
D§+y(t) = gtf;t (1 + sin y(t)), tel,
) v , . . (3.5)
. Dyy(0) = =Dyfy(1), Dgey(0) = —Dgy(1),
and P
| Diwt) = ;T(l + siny(t)), tel, (36)
| D) = -Diy2), Dlyn) = D)

For ¢ = 1. Clearly,

9o (1 + sinyﬂt))’ < |y — vo|

tet
9+ et

t‘s‘f(t,y)) <t

(1 + sin y(t))‘ <2.

Hence conditions (H2), (H3) hold with K =1, N = 2.

Let (t) = t2. Then, we obtain

o t 11
INik(t) = r(lg) Jo (t — s)5s2ds
t
< r(lg) Jo (t — s)5ds
< trn(t) = ().
where (8, = 9%(%). Hence, assumption (H4) is satisfied.

Then, the problem (3.5) has a solution y; € C([;, R)(Theorem 2.2).
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For ¢ = 2. Clearly,

tet

9+ ¢t

tet

9+e€

O]t 9) — f(t10)|

<1 + sin yl(t)> —

tel
9+e€

=

11

5 .

té‘f(t,y)‘ < 5

t(l +Siny(t))‘ <2

. 5
- (1 + Smyg(t)> ‘ < 25|y —

Hence conditions (H2), (H3) hold with K = 25, N = 2%

Let (t) = t2. Then, we obtain
I2k(t) = r(lg flt t — s)5s2ds
N
< r(\gf) fl t o S
5v/2 ._
< gr(g)ﬁ( ) - ﬁ/{(t)’{(t)a
where 3, = 95}\(/3). Thus, condition (H4) is satisfied.

By Theorem 2.2, the problem (3.6) has a solution s

€ C(IQ,R)

Thus, according to Theorem 2.3 the problem (3.3) possesses a solution

u(t), tel,
y(t) =
ya(t), te Iy,
where
0, tel
ya(t) =9 _
yg(t), te .
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In addition, according to Theorem (3.1) the problem (3.3) is Ulam-

Hyers-Rassias stable with respect to k.

The graph of the function / on [0,1]

The graph of the functionf on [1,2]

Figure 3.2: The function’s f graph for a(t) = £ on I, =]1,2].
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Figures (3.1) and (3.2) translate these analytical results into geome-
try: monotone 3D surfaces of the nonlinear term f(¢,y) verify the Lip-
schitz bounds required for contraction, while numerical trajectories re-
main inside the predicted Ulam-Hyers-Rassias stability tube. Example
1 demonstrates robustness when the order switches multiple times.
Many physical and biological media exhibit time dependent memory.
The present framework therefore offers a more faithful modelling paradigm
than constant order alternatives—especially for processes that alternate
in sign over fixed horizons (e.g., symmetric oscillations in visco elastic
beams or cyclic charge—discharge phenomena).

Example 2:

Let [ := [0,4], Ty = 0, Ty = 2, T, = 4. Consider the follow-

ing Riemann-Liouville fractional differential equations with anti-periodic

boundary conditions of variable order

{ Dg;(t)y(t) _ siny(t);Qcos(t), te I, (3 7)
Dy7y(0) = —Dy Py (4), DGV Ty(0) = —Dg Ny a),
where
s, tel :=10,2],
a(t){f 1:=10.2] (3.8)
9 S ]2 :]274]
Denote

f(ty) = siny(t) ;QCOS(t)

By (3.8), we consider two auxiliary Riemann-Liouville fractional dif-

, (t,y) €0,4] x R.
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ferential equations with anti-periodic boundary conditions of constant

order , .
{ D§+ly(t) _ smy(t);fcoS(t)’ tle Il’ 1 (39)
D()_Ey(o) = _D()_+§y(2)7 D§+y(0) = _DO§+?J(2)7
and
Dﬁy(t) — Siny(t):ﬂ’ t eI,
8 8 1 1 (3.10)
D,?y(2) = =D, y(4), Dj.y(2) = —Dy,y(4).

For ¢ = 1. Clearly,

siny(t) + 2cos(t)  sinys(t) + 2 cos(t)

t‘s‘f(y,m)—f(t,ya)’ < 2 3 — - < 272y; — yal.
i 3
té‘ £, ‘ < t% Smy(t)—i;?cos(t) < .
fy)| = BT = o5

Hence conditions (H2), (H3) hold with K =272, N = Nt

Let #(t) = t2. Then, we acquire

Igta(t) = i [1(t — s)2s3ds
t 1
< Pg) Jo (t —s)2ds
< 32I‘\(/§)li(t) = ﬁn(t)"{@)v

where (8, = 32F\(/§). Hence, assumption (H4) is satisfied.

Then, the problem (3.9) has a solution y; € C([;, R)(Theorem 2.2).
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For ¢ = 2. Clearly,

sinyy (t) + 2cos(t)  sinys(t) + 2cos(t)
2 B 12

Clyttm) - ft)| < 6

t‘s‘f(t,y)‘ <t

siny@);zcos(t)‘ < 3472

Hence conditions (H2), (H3) hold with K =4~ N =349

Let #(t) = t2. Then, we acquire

“’ w\s

L2ze(t) = f;t—s%%
t
f2 t_S

IA

10

5{*(9 )ﬁ( ) = Bn(t) ( )7

IA

E

where (8, = 5F(10) Thus, condition (H4) is satisfied.

By Theorem 2.2, the problem (3.10) has a solution g, € C(Is,R).

Thus, according to Theorem 2.3 the problem (3.7) possesses a solution

y(t) = { yi(t), tel,

ya(t), t€ Iy,

where

O, tE]l
Y2 (t) = { -

yg(t), t el
In addition, according to Theorem (3.1)the problem (3.7) is Ulam-

Hyers-Rassias stable with respect to &.

10
<479y

—y2|.



Conclusion

This study examined variable order Riemann-Liouville fractional
differential equations endowed with anti-periodic boundary conditions.
Combining fixed-point theory with carefully constructed Green func-

tions, we proved:
1. Existence and uniqueness on every subinterval where
2. Global solvability of the composite variable order problem

3. Ulam—Hyers—Rassias stability with respect to a general weight s
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