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Abstract

Functional differential equations occur in a variety of areas of biological, physical, and
engineering applications, and such equations have received much attention in recent years.
This work memoir the existence of solutions and random solutions for some implicit
fractional differential equations, involving both retarded and advanced arguments, with
generalized Caputo fractional derivative. Our results will be obtained by means of fixed
points theorems and by the technique of measures of noncompactness.

Rsume

Les quations diffrentielles fonctionnelles apparaissent dans divers domaines dapplica- tions
biologiques, physiques et dingnierie, et ces quations ont reu beaucoup dattention ces

dernires annes. Cette thse examine lexistence de solutions et de solutions alatoires pour
certaines quations diffrentielles fractionnaires implicites, impliquant la fois des arguments
retards et avancs, avec une drive fractionnaire gnralise de Caputo. Nos rsultats seront
obtenus au moyen de thormes de points fixes et par la technique des mesures de non
compacit.
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4 INTRODUCTION

0.1 Introduction

Fractional calculus is a generalization of differentiation and integration to arbitrary or-
der (non-integer) fundamental operator D%, where a,a € IR. Several approaches to frac-
tional derivatives exist : Riemann-Liouville (RL), Hadamard, Erdélyi-Kober, Grunwald-
Letnikov (GL), Weyl and Caputo etc. The Caputo fractional derivative is well suitable
to the physical interpretation of initial conditions and boundary conditions. We refer
readers, for example, to the books [8, 28, 29, 34] and the references therein. In this thesis,
we always use the generalized Caputo derivative.

Fractional differential equations and inclusions appear in several areas such as engi-
neering, mathematics, bio-engineering, physics, viscoelasticity, electrochemistry, control,
etc. For current advances of fractional calculus, we refer the reader to the monographs
[1, 2, 29] and the references therein. In particular, time fractional differential equations
are used when attempting to describe transport processes with long memory. Recently,
considerable attention has been given to the existence of solutions of boundary value
problem and boundary conditions for implicit fractional differential equations and inte-
gral equations with Caputo and generalized Caputo derivative. See for example [6, 7, 16]
and references therein.

The differential equation with delay is a special type of functional differential equa-
tions. Delay differential equations arise in many biological and physical applications and it
often forces us to consider variable or state-dependent delays. The functional differential
equations with state-dependent delay have many important applications in mathematical
models of real phenomena and the study of this type of equations has received much
attention in recent years. We refer the reader to the monographs [11, 12, 19, 20].

The authors studied the existence and uniqueness of solutions for boundary value
problems of Hadamard-type fractional functional differential equations and inclusions
involving both retarded and advanced arguments;see [5, 14, 17] and the references therein.

The measure of noncompactness which is one of the fundamental tools in the theory of
nonlinear analysis was initiated by the pioneering articles of Kuratowski [32], Darbo [21]
and was developed by Bana’s and Goebel [9] and many researchers in the literature. The
applications of the measure of noncompactness can be seen in the wide range of applied
mathematics: theory of differential equations (see [4, 17, 18] and references therein).

Implicit differential equations involving the regularized fractional derivative were ana-
lyzed by many authors, in the last year ; see for instance[3, 10, 13, 17| and the references
therein.

Probabilistic functional analysis is an important mathematical area of research due to
its applications to probabilistic models in applied problems. Random differential equa-
tions, used in many on cases, to describe phenomena in biology, physics, engineering, and
systems sciences contain certain parameters or coefficients which have specific interpre-
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tations, but whose values are unknown. We refer the reader to the monographs [37, 36,
the papers [40, 38, 39] and references therein.

In the following we give an outline of our thesis organization consisting of four chapters.
The first chapter gives some notations, definitions, lemmas and fixed point theorems which
are used throughout this memoir.

In Chapter 2, we establish the existence of solutions for a class of problems for nonlin-
ear implicit generalized Caputo fractional differential equations(NIFDE) involving both
retarded and advanced arguments. Here results are discussed, the first is based on the
Banach contraction principle and Schauder’s , Schaefer’s fixed point theorems.

In Chapter 3, we establish the existence of solutions for a class of problems for nonlin-
ear implicit generalized Caputo fractional differential equations(NIFDE) involving both
retarded and advanced arguments in Banach space. Here results are discussed, is based
on the method associated with the technique of measures of non compactness and the
fixed point theorems of Darbo and Monch.

In Chapter 4, we establish the existence of Random solutions For Mixed Fractional Dif-
ferential Equations with Retarded and Advanced Arguments. Here results are discussed,
is based on the Banach contraction principle, Schauder’s fixed point theorems.
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Chapter 1

Preliminaries

1.1 Notations and Definitions

Let (E,||.||) be the Banach space. We denote by C([—r, 5], E') the Banach space of
all continuous functions from [—r, 5] into E equipped with the norm

[/l i-rg = sup{[|z(t)[| - —r <t < S}
and C([a,T], F) is the Banach space endowed with the norm
2]y = sup{l|lz(®)]| : a <t < T}

Also, let By =C([a—r,a|,E) , By =C([T,T + B], E)
and let the space
ACHI) :=={w: I — E:w' € AC(I)},

where

d
"t)=t—w(t), tel
w(t) = touw(t), tel,

AC(I, FE) is the space of absolutely continuous functions on 1,
C={z:la=nrT+p]+— E:2|4rq€ C(la —r,4]),z |on€ AC*([a,T])

and x |[T,T+ﬁ]€ C([T, T+ B])}
be the spaces endowed, respectively, with the norms
[/l fa—r.a) = sup{[lz(®)[| : a —r <t < a},

and
|#llirrs = sup{[|lz()]| : T <t < T+ 8},

|zllq = sup{||z(t)|| : a —r <t < T+ B}

7
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Let L'(I), be the Banach space of measurable functions v : I — E which are Bochner
integrable, equipped with the norm

T
lolls = / lo(#) | dt.

Consider the space X?(a,b), (¢ € IR,1 < p < o0) of those complex-valued Bochner
measurable functions f on [a, b] for which || f||x» < 0o, where the norm is defined by :

b d H
HfogI(/ \tcf(t)|p7t> (<p<ocem)

In particular, where ¢ = 117 the space XP(a,b) coincides LP(a,b) space, i.e., XV (a,b) =

LP(a,b). ’
Denote by L*(I,IR), the Banach space of essentially bounded measurable functions
u: I — IR equipped with the norm

|fllze = inf{c > 0; |f(z)| < ca.e on [I}.

1.2 Fractional Calculus

Definition 1.1 (/28, 30, 31]): ( The Caputo-type generalized fractional integral)
Let a € IR,c € IR and g € XP(a,b), the Erdélyi-Kober fractional integral of order « is
defined by :

11—«

(P12 g)(t) = ﬁ(a) / st (P — 7Y g(s)ds, t>a,p>0 (1.1)

where I' is the Fuler gamma function defined by

[(«) :/ t*tetdt, a > 0.
0

Definition 1.2 (/27]) The generalized fractional derivative, corresponding to the frac-
tional integral (1.1), is defined, for 0 < a <'t, by:

o Do (t)_ﬂ - @ n/t s (5)d (1.2)
I = P —a) dt) |, (tr— spyi=nrad V0 '

= 0, ("1 %g)(1),

where 07 = (tl_p%)n.

Definition 1.3 (/27, 33]) The Caputo-type generalized fractional derivative #D%, is de-
fined via the above generalized fractional derivative (1.2) as follows

1 (), .
(D3 g)(1) = (ﬂDgu [g@) o DA LY ]) . (1)

k=0

3
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Lemma 1.4 (/27]) Let a,p € IR, then

o O ma n—l o — aP\F
(P13 Dg)(t) = g(t) — Ck< p > : (1.4)
k=0
and
RL Mo — t—ar\"
(I D) (1) = g(t) — k( - ) | (15)
k=1

for some ¢, € IR, n = [a] + 1.

Lemma 1.5 (/27]) If x > n, then we have

B—1
pra <tp . ap>
at
P

1.3 Random Operator

Let Bgr be the o-algebra of Borel subsets of R. A mapping v : 2 — R is said to be
measurable if for any D € Bgm, one has

v I(D)={we Q:v(w) € D} C A

To define integrals of sample paths of a random process, it is necessary to define a
jointly measurable map.

Definition 1.6 A mapping T : Q x R — R s called jointly measurable if for any D €
Bgm, one has

T YD) ={(w,v) € QAx E:T(w,v) € D} C A X B,

where A X By is the direct product of the o-algebras A and Bg, those defined in Q) and
R, respectively.

Definition 1.7 A function T : Q@ x R — R is called jointly measurable if T'(-,u) is
measurable for all w € R and T'(w,-) is continuous for all w € Q.

A mapping T : Q© x R — R is called a random operator if T'(w,u) is measurable in
w for all w € R, and it expressed as T'(w)u = T'(w,u). In this case we also say that
T(w) is a random operator on R. A random operator T'(w) on E is called continuous
(resp. compact, totally bounded and completely continuous) if 7'(w,u) is continuous
(resp. compact, totally bounded and completely continuous) in u for all w € Q. The
details of completely continuous random operators in Banach spaces and their properties
appear in Itoh [26].
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Definition 1.8 /23] Let P(Y) be the family of all nonempty subsets of Y and C be a
mapping from Q into P(Y). A mapping T : {(w,y) : w € Q, y € Cw)} — Y is
called random operator with stochastic domain C, if C' is measurable (i.e., for all closed
AcCY, {weQCw)nA# D} is measurable) and for all open D C Y and all y €
Y, {weQ:ye Clw),T(wy) € D} is measurable. T will be called continuous if
every T'(w) is continuous. For a random operator T, a mapping y : Q — Y is called
a random (stochastic) fized point of T if for P—almost all w € Q, y(w) € C(w) and
T(w)y(w) = y(w), and for all open D CY, {w € Q: y(w) € D} is measurable.

Definition 1.9 A function f : I xC(|—r, 8],IR) xQ — IR is called random Carathéodory
if the following conditions are satisfied:

(i) The map (t,w) — f(t,u,w) is jointly measurable for all u € C([—r, 5], IR)
and

(i) The map u — f(t,u,w) is continuous for allt € I and w € Q.

1.4 Measure of Noncompactness and Auxiliary Re-
sults

Now let us recall some fundamental facts of the notion of Kuratowski measure of non-
compactness .

Definition 1.10 (/9/) Let E be a Banach space and Qg the family of bounded subsets of
E. The Kuratowski measure of noncompactness is the map o : Qg — [0,00) defined by

a(B) =inf{e > 0: B C U, B; and diam(B;) < €}.
The Kuratowski measure of noncompactness satisfies the following properties.

Lemma 1.11 (/22]) Let A and B bounded sets.

(1) a(B) =0« B is compact (B is relatively compact).

(2) a(cov(B)) = a(B),(cov(B) denote the conver hull of B)

(3) a(B) = a(B), (B denote the closure of B.)

(4) AC B= a(A) <a(B).

(5) a(A+ B) < a(A) + a(B), where A+ B={z+y:x €A, ye B}.

(6) a

(7) «

(8) a(B + xo) = a(B) for any xy € E.

AB) = |Ma(B); A € IR, where AB = {\z : x € B}.

(
(
(AU B) = maz{u(A), a(B)}.
(
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Lemma 1.12 (/25]) Let V. C C(I,E) is a bounded and equicontinuous set, then

(i) the function t — a(V (t)) is continuous on I, and

ac(V) =maxa(V (1)),

tel

a (/aTx(s)ds Lz € v) - /aTa(V(s))ds,

V(t)=A{z(t):xz €V}, tel.
and ac s the Kuratowski measure of noncompactness defined on the bounded sets

of C(I).

Theorem 1.13 (/17])(AscoliArzela) . Let A C C(I, E),A is relatively compact (i.e.A
is compact) if:
1. A is uniformly bounded i.e., there exists M > 0 such that

(i)

where

lfD)|| <M for every fe A and te€l.

2.A is equicontinuous i.e., for every € > 0, there exists & > 0 such that for each t,t € I,

=t <0 = |f(t) = fOl <€ for every feA
3. The set {f(t): f € A;t € I} is relatively compact in E.

1.5 Some Fixed Point Theorems

Theorem 1.14 (/24])(Schauder’s). Let X be a Banach space, D C X a nonempty
conver bounded closed set and let N : D —— D be a completely continuous operator.
Then N has at least one fized point.

Theorem 1.15 (/26]). Let X be a nonempty, closed convexr bounded subset of the sep-
arable Banach space E and let N : Q2 x X —— X be a compact and continuous random
operator. Then the random equation N(w,u(w)) = u(w) has a random solution.

Theorem 1.16 (/24]/)(Schaefer’s ). Let X be a Banach space, and N : X — X be a
completely continuous operator. If the set

E={r e X :x= ANz, for some A € (0,1)} is bounded,

then N has a fized point.



12 CHAPTER 1. Preliminaries

Lemma 1.17 (Darbo , [21]). Let D be a bounded, closed and convezr subset of Banach
space X . If the operator N : D — D 1is a strict set contraction, i.e there is a constant
0 < X\ <1 such that a(N(S)) < Aa(S) for any set S C D then N has a fized point in D.

Theorem 1.18 (Mdénch , [35]). Let D be a bounded, closed and conver subset of a
Banach space such that 0 € D, and let N be a continuous mapping of D into itself. If the
implication

V=conoN(V) or V=NV)UO= «a(V)=0
holds for every subset V of D, then N has a fized point.



Chapter 2

Nonlinear Neutral IFDE with
Retarded and Advanced Arguments

2.1 Introduction

In this chapter, we establish, the existence and uniqueness of solutions for implicit gener-
alized Caputo fractional differential equations with retarded and advanced arguments.

PD% (x(t) — k(t,z") = f(t,2"f D% x(t)), for t €1 :=[a,T], 1 <a <2, (2.1)
z(t) = ¢(t), t € [a—r,al,r >0 (2.2)
x(t) =), te [T, T+p], g>0, (2.3)

where £D¢, is the Caputo type modification of the generalized fractional derivative, f :
I x C([-r,f],IR) x IR — IR is a given function, ¢ € C(ja — 7, a],IR) with ¢(a) = 0 and
v e C(T, T + B],IR) with ¢(T) = 0. We denote by z' the element of C'([—r, 3]) defined
by:

'(s)=x(t+s):s€[-r/p

here z'(-) represents the history of the state from time ¢ — r up to time ¢ + 3.

2.2 Existence Results for the NIFDE with Retarded
and Advanced Arguments

Lemma 2.1 Let 1 < a <2, ¢ € C([a — r,a],IR) with ¢(a) =0, v € C([T,T + 5],IR)
with (T) =0 and h : I — IR be a continuous function. Then the linear problem
PDS x(t) = h(t), forae. te€l:=1a,T], 1 <a<2, (2.4)

z(t) = o(t), t€la—r,al, r>0 (2.5)

13
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z(t) =), t € [T,T+ 5], §>0, (2.6)
has a unique solution, which is given by

.

o(t), if te€la—ral,

x(t) = k(t, zt) — /T G(t,s)h(s)ds, if tel (2.7)

e(t), if tell,T+0],

\

where
P qPV(TP — cP)e—1ep—1
(t —a )((;; Cp)) ©c P — eP)o L, a<c<t<T,
-« —a
G(t,s) =2
a(a) (tP — a?)(TP — cP)*1er?
(T P) ’ a<t<e<T
—a
(2.8)

Here G(t, s) is called the Green function of the boundary value problem  (2.4)-(2.6).
Proof. From (1.4), we have

" — af
z(t) =co+ a1 ( ) a+" I3 h(s), co,c1 € IR, (2.9)
therefore
z(a) = ¢y =0,
T — a” pt— [T 1 p—
T) = TP — c”)* 5P~ h(s)d
z(T) cl( P >+F(oz)/a( ) P h(s)ds,
and
p2—a T 1 1
_ p_ gpya—lgp—
e = e a”“’)oz(a)/a (TP — s”)* " s h(s)ds.

Substitute the value of co and ¢y into equation (2.9), we get equation (2.7).
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(6(t), if t€la—ral,

x(t) = k(t, zt) — /T G(t,s)h(s)ds, if tel

(W), if te[l,T+7]
where G is defined by equation(2.8), the proof is complete.

Lemma 2.2 Let f: I xC[—r,B] x IR — IR be a continuous function. A function z € C
is solution of problem (2.1) — (2.3) if and only if = satisfies the following integral equation

(

o(t), if tela—ral,

x(t) = k(t, zt) — /T G(t,s)h(s)ds, if tel

e(t), if tell,T+p
where h € C(J) satisfies the functional equation

The following hypotheses will be used in the sequel:

\

(Hy) The function f : IXC[—r, f]xIR — IR and k : I xC[—r, f] — IR are continuous.
(H,) There exist S >0, P>0,0< S <1 such that

\f(t,u,v) - f(t,ﬁ,?_})‘ < SHU - a”[—Tﬂ] +§|/U o ﬁl
and
|k(t,m) — k(t,m)] < Pllm —m|[-g
for any w,u,m,m € C([-r,5]) and v,v € IR.
(H3) There exists ¢,b € L*([a,T],IR;) such that
|f(t,u,v)| < q(t) for a.e. t € I, and each u € C([—r,[]) and v € IR,

and
|k(t,u)| < b(t) for a.e. t € I, and each u € C([—r,S])
Set

q" = esssupq(t)
tel
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and

b* = esssupq(t)
tel

T
G:sup{/ |G(t,s)|ds,t € I}.

(H,) For each bounded set Dy in C, the set {t — k(¢t,2') : x* € Dy} is equicontinuous
in C(I,IR) .

Now, we state and prove our existence result for (2.1)-(2.3) based on the Banach con-
traction principle.

Theorem 2.3 Assume (Hy) and (Hy) hold. If

SG

(P (1-29)

) <1, (2.10)

then the problem (2.1)-(2.3) has a unique solution.

Proof: Let the operator L : C — C defined by

o(t), it tela—ral,

(Lx)(t) = < k(t,z') — /T G(t,s)hy(s)ds, if tel (2.11)

\@b(t), it te[T,T+p0].

By Lemma 2.2 it is clear that the fixed points of L are solutions (2.1)-(2.3) .
Let 1,20 € C. If t € [a—r,a]ort e [T, T+ f] then

|(Lay ) () — (L) (t)] = 0.
For t € I, we have
|(La1)(t) — (La2) ()] < [k(t, 1) — k(t, 25)] +/ G, 8)[|hey (8) — hay(s)|ds,  (2.12)
and by (H,) we have

oy () = hay ()] = [f (8, 20,2 Dgvaa (1) — f(t, 25,2 Dgsa(t)))]
< Sllzr = z2llmrgy + Slha, (£) = hay (£)]-

Then

|21 — z2l(—rg)- (2.13)
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By replacing (2.15) in (2.12) we obtain,

S T
[(Lx1)(t) = (Laz)(t)] < Pllay — za|rp + —/ G, )| lxr — 22ll-rgds

(1-25)
SG
< (P+ — — —r gl
< ( - S))Hﬂfl sl 1-rp
Therfore ,For each t € I, we have
SG
|(Lan)(t) = (Laz) (O] < | P+ = | 21— 22l (2.14)
Thus _
SG
”Lxl) — L.%'Q”c S (P + ﬁ) Hl’l - -TQHC- (215)

We now prove an existence result for (2.1)-(2.3) by using the Schauder’s fixed point
theorem.

Theorem 2.4 Assume that the hypotheses (Hy) and (Hs) hold. Then problem (2.1)-(2.3)
has at least one solution.

Step 1. L is continuous. Let {x,} be a sequence such that z, — zin C. If ¢ € [a—r,a]
ort € [T, T+ (] then

(L )(t) — (La)(t)] = 0.
For t € I, we have

|(Lan)(t) = (L) ()] < [k(t, z,) — k(t, 2')] +/ |G(t, 8)|hn(s) — h(s)lds, — (2.16)

where
hn(8) = f(t, 20, (1)),
and
W) = (8,2, b)),
Since x,, — x, and by (H;) we get h,(t) — h(t) and k(t,2f) — k(t,2") as n — oo
for each t € 1.
By (Hj3) we have for each t € I,

ha(t)] < g (2.17)

Then,

|G s)l[ha(t) = h(B)] < |G(E, )| [P ()] + @]

<
< 2¢7[G(t,5)]-
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For each t € I the functions s — 2¢*|G(t, s)| are integrable on [a,t], then by Lebesgue
dominated convergence theorem, equation (2.16 ) implies
)

|(Lz,)(t) — (Lx)(t)| — 0 as n — oo,

and hence
|L(z,) — L(z)]|c — 0 as n — oo.

Consequently, N is continuous.
Let the constant R be such that:

R > max {q"C 1| llara, [0 z740 (2.18)

and define
Dr={x€C:|z|c < R}

It is clear that Dpg is a bounded, closed and convex subset of j3.
Step 2. L(Dg) C Dg.

Let x € Dy we show that Lx € Dgp.
If t € [a — 7, a], then
|1 L(x)(0)] < [[#llja-ra) < B,
and if t € [T, T + ], then
[L(z)@)] < [Yllrria < R.

For each t € I, we have

|(La)(t)] < [k(t, 2")] +/ |G, 5)|[h(s)|ds.

By (Hj), we have

(L) (1)

IN

T
b* +q*/ |G(t,s)|ds
< b+ q*é

< R,

from which it follows that for each t € [a — r, T + /3], we have |Lz(t)| < R, which implies

that || Lz||. < R. Consequently,
L(DR) C Dg.

Step 3: L(Dg) is bounded and equicontinuous.
By Step 2 we have L(Dpg) is bounded.
Let t1,t, € I = [a,T],tl < to9, and x € Dg then

|(La)(tz) = (La)(t)] < !k(tzwt)—k(tbxt)lJr/ |G(t2, 5) = Gt, 5)|h(s)lds

T
< ]k(tg,xt)—k(tl,:lzt)]Jrq*/ Gty s) — G(t1, 5)|ds.
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By (H4) and as t; — to the right hand side of the above inequality tends to zero.
As consequence of Step 1 to Step 3, together withe the Arzela-Ascoli theorem, we can
conclude that N is continuous and completely continuous. From Schauder’s theorem, we
conclude that N has a fixed point with is a solution of the problem (2.1)-(2.3).

We prove an existence result for the (2.1)-(2.3) problem by using the Schaefer’s fixed
point theorem.

Theorem 2.5 Assume that (Hy) and

(Hy) There exist d,q,m,b € C(J,IR) with m* = supm(t) < 1 such that
tel

|f(t,u,v)| < d(t)+q(t)||ull—rg +m(t)|v| where t €I, ueC([—r,F],IR) and v e IR.

And
\k(t,u)| <b(t) where te€l, weC(-rp,IR) and v e IR.

If
SRS
=)
then problem (2.1)-(2.3) has at least one solution.

<1, (2.19)

Proof. Consider the operator L defined in (2.11). We shall show that L satisfies the
assumption of Schaefer’s fixed point theorem. As shown in Theorem 4.4, we see that the
operator L is continuous, and completely continuous.

Now it remains to show that the set

E={reC:2= ALz, forsome )€ (0,1)} is bounded.

Let z € £, then © = ALy for some 0 < A < 1. Thus for each ¢ € I we have

() = A (k(t, ) — / o s)hx(s)ds) | (2.20)

where
he(t) = [(t, 2, ha(t)).
By (H,), we have for each t € I

ha(t)] < d(t) + q(O) |2l 1—r.5) + m(2)|h (1))
< &+ | llrp + mTha ()]

Thus
|ha(t)] <

(@ + el )



20 CHAPTER 2. Nonlinear IFDE

This implies, by (2.20) that for each ¢ € I we have

(@ + ¢ llell ) d

T
2(t)] < w+/\0m@|
(@ + |2l np) G

< b*
= + (1 — m*)
Then ~ ~
d*G ¢ Gllz[[[-rg
< * k]
s <07+ 1 —m* 1 —m*
I
Thus B B
TG d*G
e — g SO —m.
[ (1 — m*) ”I”[ B S0+ (1 _ m*)
Finally, by (2.19) we have
* d*G
1—m*
leli-rs < 2= =t
1 aG_
- ]

If t € [a—r,a], then
()] < [|6llfa—ra) < b1,
and if t € [T, T + (], then
2] < [Vl rrem < b
From which it follows that for each t € [a—r, T+ ], we have |x(t)| < max {bq, b, by}, which
implies that ||z|lc < max {by, b1, by}, this implies that ¢ is bounded As a consequence of

Schaefer’s fixed point theorem, L admits a fixed point which is a solution of the problem

(2.1)-(2.3).

2.2.1 Examples

Example 1: Consider the boundary value problem of implicit generalized Caputo frac-
tional differential equation:

x(t)=e"2 -1, te[l,2],

13 1 sin(t

1 )
10et+2 (1 + |xt| + ‘§D22+$(t)‘) ln(t2 + 1)

(z(t) =t—4, te[4,6].
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Set

1 n sin(?)
10e*2(1 + |u| + |v])  In(t2+1)

f(t,u,v) = kE(t,u) =0, te€ (2,4, wel(-r/p))

k(t,u)=0 and v € IR,a = %,p = 4,7 =1,8 = 2. For each u,u € C([-r,f]), v,o € IR
and t € [2,4], we have

) 1
L0 2(1 + [ul +Jo]) 10621 + [a] + [o])

|f(t,u,v) - f(t7ﬂ71—)>|

< ooz v —al+ o —7))
—1 Y] —
10et+2 (||u — | + v — U|) .

Therefore, (Ha) is verified with S = S = 1.
For each t € I we have

T 1 P —a” Tlrre — e\
< p—1
/a G 9)lds < 5 (T—>/ ( , ) ’
1 Ll/e — gP a-l
p—1
+r(a)fa ( ’ ) ’
g 2 Tr —a\*
< .
/a ’G“’S”ds—rmﬂ)( P )

~ 2 TP — aP\“
G < .
_F(a+1)< P )

ds

ds.

Then

Therefore

The condition

[N

SG L 993
P+ < 2 10e ~ 0.0035008
(1-25) (1 - 0)l(35) ( - )

is satisfied with T'=4,a = 2 and o = % Hence all conditions of Theorem 2.3 are satisfied,
it follows that the problem (2.21) admit a unique solution defined on I.
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Example 2: Consider the boundary value problem of implicit generalized Caputo frac-
tional differential equation:

e

z(t)=¢€"—1, te[-1,0],

1 3
$Dga(t)))

C%D()%er(t))) , tel=]0,¢€

L sin(2t) <2 + |zt +
2D2,x(t) =

20et+1 (1 +lat| +

(2.22)

In(t) — 1, té€ e, 4],
with

sin(2t) (2 + |u| + |v])
t =
P00 = e ul o ol)

k(t,u)=0 telI=[0,e],u € C([-r,f]) andv e IR
3 1
=2 p=_r=18=4—c

o 270 2,T >ﬁ €
Condition (H,) is satisfied for each u, € C([—r,5]) , v € IR and t € [0, ¢]:

Fltuw) < 2+ |u| + |y

206t+4

1

S Sped 2+ ol + llull—rg) -
Therefore, (Hy) is verified with
d(t) = ! = _ d m* = ! 1
(1) = fgarar 10 =mlD) = g5 and m™= g5 <
Condition:
~ 1 N 5
Q*G 20e4 €2
2 — | ~0.0082575
(1 - m*) (1 20164)F(%) ( % >
< 1,

is satisfied with T'=¢e,a = 0 and a = % Hence all conditions of Theorem 2.5 are satisfied,
it follows that the problem (2.22) has at least one solution on I.



Chapter 3

Nonlinear Neutral IFDE with
Retarded and Advanced Arguments

3.1 Introduction

In this chapter, we establish, the existence of solutions for implicit generalized Caputo
fractional differential equations in Banach space with retarded and advanced arguments.

3.2 Existence Results for the NIFDE with Retarded
and Advanced Arguments in Banach Spaces

PDS (x(t) — k(t,2") = f(t, 2" f D&a(t), t€:=[a,T), 1 < <2, (3.1)

y(t) =9¢(t), tela—ryal, r>0 (3.2)

y(t) =9(), te[T,T+ 5], 5>0, (3.3)

where 2D, is the generalized Caputo fractional derivative, (£, || - ||) is a real Banach

space and f : I x C([-r,0],E) x E — FE is a given function, ¢ € C([a — r,a], E) with
¢(a) =0and ¢ € C([T,T + B, E) with ¥(T) = 0.
We denote by z* the element of C'([—r, ]) defined by:

z'(s) =x(t+s):s€[-r/p
here z'(-) represents the history of the state from time ¢ — r up to time ¢ + 3.

To prove the existence of solutions to (3.1)—(3.3), we need the following auxiliary
Lemma.

23
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Lemma 3.1 Let f: I x C[—r, ] x E — E be a continuous function. A function v € C
is solution of problem (3.1) — (3.3) if and only if = satisfies the following integral equation

(

o(t), if te€la—ral,

x(t) = S k(t,2t) — /T G(t,s)h(s)ds, if tel

W), if e [T T+ 4]
where h € C(I) satisfies the functional equation

h(t) = f(t, 2", h(t)),

\

and

(t/’ _ ap)(Tp _ Sp)a—lsp—l
l1—a (Tp - ap)

— Pt — sP) a<s<t<T

G(t,s) = P
(t” _ ap)(Tp _ Sp)a—lsp—l
@ =)

The following hypotheses will be used in the sequel:
(Hy) The function f : I x C[—r,f] x E — E and k : I x C[—r, 5] — E are continuous.

(Hs2) There exist d,q,m € C(I,IR) with m* = supm(t) < 1 such that

tel
1f(tw,0)l] < d(t) + q(O)lull-r.p) + m(O|v]l, w e C([=r, b, E), ve E, tel,

and
|k(t,u)|| < b(t) for a.e. t € I, and each w € C([-r,f], E)

(Hs) for each bounded set B C C, and for each t € I, we have

a(f(t,B1,B)) < q(t) sup «o(By)+m(t) sup o(Bs),
te[—r,8] te[—rf]

and
a(k(t,By)) <b(t) sup «a(By),
tE[—T,B}

for any bounded sets, B; C C([—r,]), Bo C E.
Set

T
q¢" =supq(t), m" =supm(t),b* =supb(t), G =sup {/ |G(t,s)|ds, t € ]} :

tel tel tel
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(H,) For each bounded set Dy in C, the set {t — k(¢t,2") : © € Dy} is equicontinuous
in C(I, E)

We prove an existence result for the (3.1)-(3.3) problem, by using the Darbo fixed point
theorem.

Theorem 3.2 Assume that the hypotheses (Hy) — (Hs) hold. If

*

TG

b*
+1—m*

<1, (3.4)

then problem (3.1)-(3.3) has at least one solution.

Proof. Let the operator N : C — C defined by

’gb(t), if t€la—ra,

(Nz)(t) = ga;(s)—/TG(t, $)hy(s)ds, if tel (3.5)

(v(0), if te[T.T+8].

By Lemma 3.1 it is clear that the fixed points of N are solutions (3.1)-(3.3).
Step 1: N is continuous. Let {x,} be a sequence such that z, — z in C. If t € [a—r,a]
ort € [T, T+ (] then

[(Nzy)(t) = (N) (@) = 0.

For t € I, we have

[(Nz) () = (N2) ()| < [lgn(s) — g(s) —/ |G, $)l|hn(s) = h(s)l|ds, (3.6)

where
ha(t) = f(t, 2, hu(t))
and
gu(t) = k(taxf@>‘

Since z,, — x, bx (Hy) we get h,(t) — h(t) as n — oo for each t € I.
And let n > 0, such that, for each t € I, we have ||h,(t)]| < n and ||h(2)|| < 7.
Therefore

|G ) |hn(t) = R(D)]] |G 8)| @] + [[RE)]]

<
< |G, s)].
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For each t € [ the function s — 2n|G(t,s)| is integrable on [a,t] , then by Lebesgue
dominated convergence theorem, equation (3.6 ) implies

|(Nx,)(t) — (Nz)(t)|| — 0 as n — oo,

and hence
IN(x,) — N(z)|lc — 0 as n — 0.

Thus N is continuous.
Let the constant R be such that:

R > max {t + AG, |0llo-rap ¥ (3.7)

and define
Dr={x€C:|z|c < R}

It is clear that Dpg is a bounded, closed and convex subset of C.

Step 2: N maps Dg into itself.
Let x € D we show that Nx € Dg.
If t € [a —r,a], then
IN(@)ON < [|6llja—ra < R,

and if t € [T, T + f3], then

IN@)OI < 1l < R

For each t € I, we have

T
I(N2) @O < 1%t 2] +/ |G, s)l[[7(s)]ds.
By (H) we have for each t € I

[P < d(t) + q(@)]|zlli-rp +m@) |2 Q)]
< &+ |2l g +mT{ A
<

d* +q" R+ m™||h(t)]],
and

[kl < b(t)

b*

VANVAN

where

b* =supb(t), d* =supd(t), ¢" =supq(t) and m* =supm(t).
tel tel tel tel
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Then d R
h(t - .
Ity < L (3.8)
By (3.8), for t € I, we have
T
(NSO < b+ A / G(t, 5)|ds
< b+ AG
S R7

from which it follows that for each t € [a —r, T + /5], we have ||[Nz(t)|| < R, which implies
that | Nz||;_,5 < R. This proves that N transforms the set Dy into itself.

Step 3: N(Dg) is bounded and equicontinuous.

Since N(Dg) = {N(z) : x € Dg} C Dg and Dp is bounded, then N(Dpg) is bounded.
Now, let t1,to € I = [a,T],t1 < tg, and x € Dpg then

|(N2)(t2) — (V) ()] < [kt ') — Kty 2] + / Gt 8) — Gt )[[|h(s)]|ds
< k(ta 2=) — K(ty, a™)] + A / Gta,5) — Gltr, 8)]ds.

By (H,) as t; — ty the right hand side of the above inequality tends to zero.

Step 4: The operator N : Dg — Dp is a strict set contraction.
Let V C Dgrif t [a — r,al, then

a(N(V)(t)) = a(N(z)(t),zeV)

also if t [T, T + ], then

a(N(V)(1)) = a(N(@)@),xeV)

= a(y(t))
= 0.
And if t € I, we have
a(N(V)(t) = a(N(z)(t),xzeV)

< { /|Gts|a ))ds,:veV}.
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By (Hj3) we have

a(h(s),z € V) ({f(s,2(s), h(s)), x € V})

I
Q

< qt)a({z(s),z € V}) + m(t)a({h(s),z € V})
< ¢a{z(s),z € V}) + m*a({h(s),x € V}),
and
alg(t),z e V) = a({k(t,z(t)),x€V})
< bt)a({z(s),z € V})
< bval{z(s),z e V}).
Then
o({hls)r € V) < - "~ a({a(s),z € V). (3.9)
Thus
a(N(V)()) < ({z(s),z € V}) + )a({z(s),z € V})ds
< (b* + 1(1—4?;1*) a.(V)
Therefore

—m

ao(NV) < (b* + 1"*@ ) au(V).

So by (3.4) the operator N is a set contraction. And thus, by Theorem 1.17, N has a
fixed point, which is solution to problem (3.1) — (3.3) .

We prove an existence result for the (3.1)-(3.3) problem, by using the Ménch’s fixed
point theorem.

Theorem 3.3 Assume that (Hy) — (Hs) hold. If

*

G
b+ 1q <1, (3.10)

—m

then problem (3.1) — (3.3) has at least one solution.

Proof: Consider the operator N defined in (3.5). According to Theorem 3.2, the operator
N(Dg) is bounded into itself, and equicontinuous.
Now let V' be a subset of Dg such that V' C conv(N(V) U {0}). Since V' is bounded and
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equicontinuous, the function ¢t — v(t) = a(V (¢)) is continuous on [a — r,T + (]. By
(Hy) — (H3), Lemma 1.12, and the properties of measure «, for each t € I, we have

v(t) < a(N(V)(t) U{0})
a({(Nx)(t),z € V})

IA A

*

mww+/)m@ﬂ T (V(s))ds

1 —m*

. G
(b + 1 —m*) a.(V).

amag<w+iﬁ1>%wy

1 —m*

IN

IA

Thus

From (3.10 ), we get a.(V) =0, that is a(V(¢)) = 0 for each t € I.
For t € [a — r, a], we have

u(t) = alet))

Also for t € [T, T + 3] we have

v(t) = ()
= 0,

then V(¢) is relatively compact in E. In view of Ascoli-Arzela theorem, V' is relatively
compact in Dg. Applying Theorem 1.18, we conclude that N has a fixed point which is
a solution of the problem (3.1) — (3.3).

An Example :

Let

[o¢]
E=1'= {x:(xl,xg,...,xn,...),Z\xn\ <oo},
k=1

be the Banach space with the norm

[ee)
lalls =3 Jal.
k=1

Consider the boundary value problem of implicit generalized Caputo fractional differential
equation
(2(t) =In(t) —1, t€ e 4],

SD3, 0, (1) = (2%, 3 Dhowa(t), tel=[2,¢] (3.11)

Y Ynic

lz(t) =35t—1, te[-1,2]
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.I:(I'I,IQ,...,LL}L,...), f:(f17f27--~7fn7-~)
3
cos(t) + |ailloqsa-ap + 1ED3.2(®)]
3
22 (1+ llzullo-s.a-a + 205 allx)

For each z € E and t € [2,¢e] , we have

F(t,2'2 D2, a(t)) = L k(t,at)

3 1
£t 2(t).e Dyvx(®)] < 52

hence. (H3) is satisfied with m* = ¢* = 5 .
For each t € I we have

T 1 tP —a” TV /e — s\t
< p—1
|16 < (T—>/ ( ’ ) ’
1 Ll —sP\ 7!
p—1
+r<a>/a < p ) ]

[ e < g ()

~ 2 TP — aP\"
G < .
_F(V+1)( p >

Condition (3.4) holds, indeed,

3
cos(t) + lailleq-sa-ay + IEDZ@)])
1

ds

ds,

then

Therefore

3
2

*( 2 5 _93
G (6 ) ~ 0.61549

1-m* — TE+1) 3

< 1.

Hence all conditions of Theorem 3.2 are satisfied. It follows that the problem (3.11) has
at least one solution.



Chapter 4

Random Solutions For Mixed
Fractional Differential Equations

with Retarded and Advanced
Arguments

4.1 Introduction

In this chapter, we study the existence of random solutions for a class of problem in-
volving both generalized Caputo and generalized Riemann-Liouville fractional derivatives
differential equations with retarded and advanced arguments:

RLDZ‘;’)(CD‘S" i (P17 g;(t, 2" (w),w))) = f(t, 2" (w),w), for t € I :=[a, T,
=1
(4.1)
z(t,w) = ¢(t,w), t € [a—r,a], >0 (4.2)
2t w) = Y(t,w), t € [T,T+5], B>0, (4.3)

where 0 < a,8 < 1, BED%7, CDi’f is the generalized RL and generalized Caputo and
(as it is, respectively) fractional derivative, 1" represents the generalized RL integral
with v; >0 f: I x C([-r,5],IR) x @ = IR and ¢; : [ x C([-r, 5],IR) x Q — IR, with
(T, 2" (w)) = gi(a,z%(w)) = 0,7 =1,2,...,m, is a given function, ¢ € C([a — r,a],IR)
with ¢(a) =0 and ¢ € C([T,T + 8],IR) with ¢(T) = 0. We denote by z' the element of
C([=r,5]).

we denote by z' the element of C([—r, 5]) defined by:

'(s) =x(t+s), se[-r/p]

31
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4.2 Existence of Solutions

Lemma 4.1 Let 1 < a < 2, ¢ € C([a — r,a],IR) with ¢(a) = 0, v € C([T,T + 5],IR)
with Y(T) =0 and h : I — IR be a continuous function. Then the linear problem

REDP( CD‘S Zm: (PI%gi(t,2")) = h(t), for a.e. t€l:=[a,T], 1 <a<2 (4.4)
i=1

z(t) = o¢(t), t€la—r,al, r>0 (4.5)

w(t) =), t € [T,T+f], >0, (4.6)

has a unique solution, which is given by

(

o(t), if tela—ral,

z(t) = Z;’;l(pfgigi(t,xt,w))—/TG(t,s)h(s)ds, if tel (4.7)

(). if te(T.T+5)

where
( /(1P — aP) (TP — )\ @01
(tP — aP) (TP — sP) _(tp_sp)cﬂr&—l’ 4<s<t<T
pa+6—18p71 (Tr — ar)
G(t,s) = —————
['(a+6) at6—1
(= )17 = )
, a<t<s<T.
\ (7% — ar)
(4.8)

Here G(t,s) is called the Green function of the boundary value problem — (4.4)-(4.6).
Proof. To obtain the integral equation modeled by the BVP(4.7), we apply the gener-
alization Riemann-Liouville fractional integral of order to both sides of (1.5), and we
get

“Dor (w _mpyi' z')) = I%h(s) + 1 P —ar !

i=1
Next, applying the generalization Caputo fractional integral of order (8 to both sides of
(1.4), we have

. P —ar\ !
)= D_(L it ") f’f;r%<s>+cffi+( ) ) te o (410)

=1

where ¢; and ¢ € IR. By using lemma (1.6) , we get
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- . N tr— e\t
z(t) = ;(pff{’gi(t, z'(w)) +° 1%h(s) + Cll“(a(+)5) ( p ) + o, (4.11)
therefore
z(a) =cp =0,

m-omety (5) rrm () e

d+a—1

T

P St+a—1_p—1

= — - T° — s sP"h(s)ds.
! (TP —ar)™™" F(a)/a ( ) (s)

Substitute the value of ¢; and ¢y into equation (4.11), we get equation (4.7).

(gb(t), if tela—ral,

x(t) = Zinil(plgigi(t,xt(w))—/ G(t,s)h(s)ds, if tel

\v(), if te[l.T+p]
where G is defined by equation (4.8), the proof is complete.

Lemma 4.2 Let f: I x C|—r, ] x IR — IR be a continuous function.
A function x € C is a random solution of problem (4.1) — (4.3) if and only if = satisfies
the following integral equation

((t,w), if tela—rad],

w(t,w) =4S (PIYgi(t, 2t (w)) —/ G(t,s)h(s,w)ds, if tel

(), if te T+,
where h € C(I) satisfies the functional equation

h(t) = f(t, 2", w).
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The following hypotheses will be used in the sequel:

(Hy) The function f, g; : IXC[—r,f]xQ — IR, i = 1,2,..., m are random Caratheodory.
(Hy) There exist measurable functions p,b; [ :— L*(Q,1Ry),i=1,2,...,m
|t ur, w) = [t ug, w)| < plt, w)l|lur — ualli—rg,

and
|9(t, ur, w) — g(t, uz, w)| < bi(t, w)llur — uz[[(-rg),
for t € I, w € Q and each u;,v; € IR, i=1,2

3 ere exist measurable functions p, k; [ :— , ;1 =1,2,...,m such that
(H3) Th i ble f i ok 1 L*(QIR,),i=1,2 h th
[f (@t w)| < p(t, w) ([ 2]l —rp +1),t € [,z € C([=r, B, IR) w e Q.

and
9i(t, x,w)| < ki(t,w)||z]|[—rg,t € I, 2 € C([-r,B],IR)and w € €.

Set

p* = esssup p(t)
tel

T
G:sup{/ |G(t,s)|ds,t € I}.

Now, we state and prove our existence result for Equations (4.1)-(4.3) based on the
Banach contraction principle.

Theorem 4.3 Assume (Hy) and (Hy) hold. If

mohw) (P —at\"
;F(Vi—{—l) ( P) ) +Gp (-, w) <1, (4.12)

then the problem (4.1)-(4.3) has a unique solution.

Proof: Let the operator T': C — C defined by

(gb(t), if te€fa—ral,

(Tx)(t,w) = S (PIYgi(t, ot (w)) — / G(t, 8)hy(s,w)ds, if te1 (4.13)

\v(t), if telT.T+4]
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By Lemma 4.2 it is clear that the fixed points of 7" are solutions (4.1)-(4.3) .
Let 1,20 € Q. If t€a—r,a]lorte [T, T+ [] then

|(Txy)(t,w) — (Txz)(t,w)| = 0.

For t € I, we have

gi(t, 2 (w ))—gz-(t,xé(w))lJr/ |G (¢, 8)[hay () =Py (s)]ds,
(4.14)

[(T21)(t, w)—(Tw2)( ZPZ%

by (Hj) we obtain,

T
(Ta)(tw) = (Txz) (b, w)] <Y (CLEb(E w)l|2r — ol ) +07(- )/ |Gt 8)[[l21 = 2l p)ds

=1

" t”—ap Vi é*
> ~) 8w ) ol

Therefore, for each t € I, we have

(Tt w) <Tx2><tw|<<2 e (tp_pap)ﬁép*(-,w)) [

IN

Ly, +1

Thus

= P —a”\"
Tz (-, w) — Taa(-,w)|le < (Z y+1< ) +Gp (-,w)> |z1 — x2]|c-

p

Hence, by the Banach contraction principle, 7" has a unique fixed point which is a unique
random solution of the problem (4.1)-(4.3).

We now prove an existence result for (4.1)-(4.3) by using the Schauder’s fixed point
theorem.

Theorem 4.4 Assume that the hypotheses (Hy) and (Hs) hold. Then problem (4.1)-(4.3)
has at least one solution.

Step 1. T is continuous. Let {x,} be a sequence such that z, — zinC. If ¢ € [a—r,al
ort € [T,T + ] then
|(Ty)(t, w) = (T)(t, w)| = 0.

For t € I, we have
’(Txn)(tv w) - (Tx)(t,w)| < Z(p[;/i gi(ta Q‘J;L(w)v U)) - gi(tv xt(w),w)|)
- (4.15)
—i—/ |G (t, 8)||hn(s,w) — h(s,w)|ds,
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where
ha(t) = f(t, x5, w),
and
h(t) = f(t, 2", w).
Since x, — x, and by (H;), we get h,(t) — h(t) and g;(t, 2%, w) — ¢;(¢, 2", w),
1=1,2,...,masn — oo for each t € I.
By (Hj3) we have for each t € I,

1ha (D] <l [gn ()] < o (4.16)
Then,
G(t,8)|[hna(t) = h(E)] < |G, )| [|Pna(t)] + [R(2)]]
< 2l|G(t, )|,
and

IN

|gi(t7 Z‘Z(w), w) - gi(t’ xt(w)a w)|

(=)
p

(=) et

P —sP\"

< w|(57) ]
P

tr — sP\"

P
on [a,t], then by Lebesgue dominated convergence theorem and (H;), equation (4.15 )

implies

21y

For each t € I the functions s — 2I|G(t,s)| and s — 21, ‘ < are integrable

|(Tx,)(t,w) — (Tx)(t,w)| — 0 as n — o0,

and hence
T (x,) —T(z)]|c — 0 as n — oc.

Consequently, 7" is continuous.
Let the constant R(w) be such that:

PG

, N MG w)lla—rap, [V w)l[rreg ¢
Ei(w) (t a ) ~)

) +p*G

R(r) > max

1— m
(Zzl F(I/Z 1
(4.17)

and define

By = {z € Q: [[o(, w)lle < R(w)}.

It is clear that Dg(w) is a bounded, closed and convex subset of C.
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Step 2. T'(Bgr(w)) C Br(w).

Let x € Br(w) we show that Tz € Br(w).
If t € [a — 7, a], then

T(x)(t, w)| < [|o(, w)la—r.a) < B(w),

and if t € [T, T + (3], then

T(2)(t, w)] < [0 w)llpreg < R

For each t € I, we have

m

Z 01 |gs(t, 2 / G(t, )| |(s, w)|ds.

By (Hj3), we have

m

(T)(t, w)| < Z(”IZ"’%-R(IU)HP*(RW)+1)/ |G(t,s)|ds

i=1

2 ki(w tP—a’\" L~ o
w)<;r<uf+)1>< ) +pG>+pG

R(w)’

IN

IN

from which it follows that for each ¢t € [a — r,T + (5], we have |Tz(t)| < R(w), which
implies that ||Tz|¢ < R(w). Consequently,

T(Br(w)) C Br(w).

Step 3: T(Bg(w)) is bounded and equicontinuous.
By Step 2 we have T'(Br(w)) is bounded.
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Let 1, € I =[a,T],71 < 79, and z(-,w) € Br(w) then

|(Tx) (72, w) = (T) (1, w))|

IN

IN

T1 l/i—l
ki(w) / (Tlp _ Sp) "1 ds
F(Vi + 1) a p

ki(w) /T1 (sz - Sp)yi_l _ (Tio - Sp)w_l g
D(v; +1) J, p p

ki(w) (2 <T2p —Tlp)w + (Tf - ap)w
Ty +1) p p

As 71 — 7 the right hand side of the above inequality tends to zero. As consequence
of Step 1 to Step 3, together withe the Arzela-Ascoli theorem, we can conclude that T
is continuous and completely continuous. From Schauder’s theorem, we conclude that T’
has a fixed point with is a random solution of the problem (4.1)-(4.3).

Example :

We equip the space IR* :=

(—00,0) with the usual o-algebra consisting of Lebesgue mea-

surable subsets of IR* . Consider the boundary value problem of involving both generalized
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Caputo and generalized Riemann-Liouville fractional differential equation:

(2(t,w) = L5t —1), te€]l,2],

14+w?

MDD altw) - T, Lt w) = T rer =
(2(t) = 14> t€[-1,0
(4.18)
Set . .
et = O LD e o1, e o-r. ),
and
it (w)) = % te 0,1, ueC(—ra)i=12
And v; = %,a = % =0,p=1,r=1,8=1. For each x1,25 € C([-r,5]), v,0 € IR

and t € [0, 1], we have

100(w? + 1) 100(w + 1)
sin(t) _
= 100(w2 + 1) H:L“ - m”[*l,l}’

‘f(t7x7w) - f(tafaw)‘

sin(t)(z+1)  sin(t)(z+ 1) '

_ cos(t)(z) cos(t)(7)
i t? ) - Y ta ) . - -
l9i(t, @, w) = gilt, 7, w)| 10i(w? + 1) 10i(w? + 1)

cos(t) _ ,

—— ||l — 7|~ =1,2.
iz + 1y 1~ Al =1

Therefore, (Hs) is verified with p*(w) = __ bi(w) = L
) W) B Y WP = 002 + 1) Y T 10i(w? + 1)

For each t € I we have

T 1 ?— qf a+p—-1 T TP — gP B+a—1
t ds < p—1
e (m=e)  [|[(5)

+ sP
la+8) Ja p

G=[ |Gt s)|ds < .
/a Gt 5)] S—F(a+6+1>( P )

ds

ds.

Then
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The condition

“bi(w) [t —a”\" <, 7
er( ) TOrte) S S e

=1 p
B 14
75w+ 1)y
< 1,
is satisfied with T'=1,a = 0 and @ = %, 3 = 1. Hence all conditions of Theorem 4.3 are

2
satisfied, it follows that the problem (4.18) admit a unique solution defined on I.

4.3 Conclusions and Perspective

In this work, we have presented some results to the theory of the existence of solu-
tions, random solutions and uniqueness of fractional implicit differential equations with
the derivatives of generalized-Caputo. The problem studied implicit fractional differen-
tial equations, involving both retarded and advanced arguments. The results obtained
are based on some fixed point theorems and the measure of non-compactness. In fu-
ture research, we plan to study some fractional differential and inclusions with impulses
(instantaneous and not instantaneous) in frchet spaces
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