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Abstract

In this memory, we present the Monch-Krasnoselski fixed point theorem in Banach
space which is a generalisation of the classical Krasnoselski fixed point theorem. We
also give some applications to classes of nonlinear integral equations in the space of
continuous functions using the technique of noncompactness measures. Examples are

provided to illustrate the obtained results.
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Introduction

The fixed point theorems are important mathematical tools for demonstrating the
existence and uniqueness of solution in various types of equations, they have played
a major role in various fields, including functional analysis, dynamics, topology and

differential equations.

Fixed point theorems concern maps f of a set X into itself. That under certain

conditions admit a fixed point that is, a point € X such that f(z) = z see [12].

The fixed point theory is at the heart of nonlinear analysis because it provides
the necessary tools for existence theorems in many nonlinear problems. It uses analysis
and topology tools for this reason we have the classification "fixed point and topolog-
ical theory" and "fixed point and metric theory" we will mentions some fixed point

theorems like Banach, Schauder, Schaefer and Krasnoselski.

The development of fixed point theory is the most important branch of nonlin-
ear analysis, it has had a profound impact on the progress of nonlinear analysis. In
fact, many natural phenomena in chemistry, physics, mechanics, economics and biol-
ogy exhibit nonlinear behavior. Mathematically, these problems are often expressed
as nonlinear differential equations, making nonlinear analysis an ongoing active and

relevant field of research. It directly addresses real-world problems and applications.

Nonlinear differential equations and integrodifferential equations, along with gen-
eral optimization problems are prominent subjects in nonlinear analysis. There are
many questions related to the existence and uniqueness of solutions for certain types of
equations (differential equations, partial integrodifferential equations) can be reduced

to the existence and uniqueness of a fixed point for an appropriate mapping defined
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on a Banach space. One of the most significant existence tools in nonlinear analysis
is Krasnoselski theorem established in 1955 by Krasnoselski. His result is captivating

and possesses a very wide range of applications see [14].

In this memory, we study the Monch-Krasnoselski fixed point theorem and some
of their applications (to neutral partial integrodifferential equations ) see [19],[21], and

it is composed of three chapters.

In the first chapter, we introduce the notations, definitions, lemmas, and

theorems that will be used throughout this memory.

In the second chapter, we introduce the measures of noncompactness and
condensing operators and we state and prove the Monch and Monch-Krasnoselski

theorems.

In the third chapter, we study the existence of mild solution for two types of
neutral partial integrodifferential equations by applying the Monch-Krasnoselski fixed
point theorem. This analysis will be based on the Moénch-Krasnoselski fixed point

theorem in Banach spaces.
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Main notations used

Q: An open bounded of R".

| - ||: A norm on a vector space.

e A: denote the adherence of A.

(E,d): A metric space.

K: real or complex numbers.

:=: Equality by definition.

=

| -|l2 : The norm in space L*(Q2) defined by: ||z = (/ |:p|2) .
Q

e Vu : Gradient operator Vu = ( u Ou Ou )

Oxy Oxy’ 7 Oxy,

e (F|l-]): A normed vector space (a Banach space).
e Mpr : denote the bounded subsets of F.

e MNC,: denote the Measures of Noncompactness.
e co(f): closed convex hull of Q.

e Cy(N): The set of all suites.

e C([a,b],R™): The set of all continuous functions.

e B(a,r): The open ball.

e B.(a,r): The closed ball.

e A: The interior of subset A.

L : The space of linear operator.



Chapter 1

Preliminary notions

1.1 Topology of normed vector spaces

Definition 1.1.1. [2] Let F be a vector space on K a norm on F is an application

|- || : E — R werifying the following properties :

I |z]|=0&2=0;

2 le+yl<lall+ Iyl forall z,y € F;

3. || Ax||=|A ||z || for allz € F and X € K.
A normed vector space (F, || -||) is a vector space F' provided with a norm || - ||.
Remark 1.1.1. A normed vector space is a metric space. The distance between two

vectors is defined by the norm:

d(z,y) =z =y

Proposition 1.1.1. [2] If || - || is a norm on a vector space F then we define on
F,d(a,b) =|| b—a || with d is the distance associated with the norm || - || which verifies

the two additional properties :

1. It 1s invariant by translation:

|o+p—a—pl=[[b—-a| VpekF (1.1)

2. It 1s homogeneous:

[ Ab = Aaf|= AL b—all. (1.2)
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Example 1.1.1. [1] The set of real numbers equipped with the distance d(x,y) = |x—1y|

1S a metric space.

Example 1.1.2. [2/

1. The absolute value is a norm on R.
2. The module is a norm on C.

3. If p € [1,+00[ we define a norm || .||, on K% :

Il (Z w) . (13

4. If p=2 the norm || . ||z on R is the euclidean norm on R defined by:

I [la= (Z |wil2> : (1.4)

5. The norm || . ||leo on K% is defined by:
| 2 loom mac{aal 1 < < ). (L5)

Definition 1.1.2. [2] e Let a € F, and let r > 0: The open ball with center a and

radius r s the set:

B(a,r):={zx € F;||x—a|<r}. (1.6)
e The closed ball with center a and radius r is the set :

Be(a,r) :={z € Fi[z —a|<r}. (1.7)

Examples 1.1.1. /2]

(1) In R, the open ball B(a, r) is the interval : Ja —r;a + 1| ; the closed ball is the

interval : [a —r;a+ 7]
(2) In C = R? with the usual distance, the balls are disks.

(3) In R? with the norm || . ||, the balls are squares to the azes of contact details.
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Definition 1.1.3. A neighborhood of a € F is any subset V. C F' such that there exists
an r > 0 such that B(a,r) C V.

Definition 1.1.4. A subset U C F is an open set of F if it is a neighborhood of each
of its points, i.e.

VYa € U,3r > 0; B(a,r) C U. (1.8)

Remark 1.1.2. ) and F are always open sets of F.
Proposition 1.1.2. Let (F,|| - ||) be a normed K-vector space.
1. For all x € F, the singleton {x} is a closed set.
2. A finite subset of F (finite union of singletons) is a closed set of F.
3. Closed balls in F are closed sets of F.
4. Spheres are closed sets of F.

Definition 1.1.5. [1] For a subset A of F, the adherence of A, denoted by A, is the
set of all adherent points of A.

Examples 1.1.2. /2]

(1) In R, the closure of an interval is the corresponding closed interval.

(2) In (R?%,|| . ||o), the closure of the half-plane {(x,y);z > 0} is the half-plane
{(z,y);2 = 0}.
Definition 1.1.6. [1l/ Let A be a subset of F. A point x of A is called an interior point
of A if A is a neighborhood of x in F, A € V(x).
The interior of a subset A of F, denoted by fol, is the set of all interior points of A.

Definition 1.1.7. A subset A of a normed vector space F is said to be dense in F if
A=F.

Example 1.1.3. [2] A part A of normed vector space (F\,|| . ||) is said to be bounded if
there exists a constant ¢ < oo such that || z ||[< ¢ for allx € A, a function f : F — F

1s said to be bounded if its image is a bounded part of F.

If L is an arbitrary set, we denote by £>(L,K) the vector space consisting of all
bounded functions f : L — K. We define a norm on £°(L,K) by setting

IS lloo= supflf(t);t € L}.
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If F is a norm vector space, we note L£L*(L, F')the vector space constituted by all
bounded function f : L — F'. The natural norm on the space £L>(L, F’) is the norm
| . |l defined by:

IS lloo= supfll f(#) [l;t € L} (1.9)

1.1.1 Continuous applications

Definition 1.1.8. [/ Suppose that (E,d) and (Y, ¢) are two metric spaces. A function
f: E—=Y is continuous at x € E if for all € > 0 there is § > 0 such that

| f(x)— f(xo) ||< € provided that || © — z¢ ||< 6.

The function f is said to be continuous if f is continuous at all points x € E.

Remark 1.1.3. [1/ Let (E,d) and (E’,d’) be two metric spaces. The global continuity

of a function f : E — E’ is written precisely:
Vi€ B 0. >0, Yy € B, || y— 1 |1< awe 5 (y) — Fla) <
Definition 1.1.9. [1/ We say that f € C(E, E') is uniformly continuous if it verifies:
Ve > 0,30, >0,Ve,y € E, ||z —y ||< ac = f(x) — fly) |<e.

Definition 1.1.10. [72] Let E be a metric space equipped with a distance d. A map
f+ E — FE is said to be Lipschitz continuous if there is k > 0 such that:

d(f(z1), f(x2)) < kd(w1,22), V1,25 € E.

The smallest k for which the above inequality holds is the Lipschitz constant of f.

If k < 1 fis said to be a contraction.

Proposition 1.1.3. [ (f Lipschitzian) = (f uniformly continuous) = (f is continu-

ous).

Example 1.1.4. [1/ On a metric space (E,d). For any xy € E the function d(zo,-) :
r € E — d(zg,x) € R is Lipschitzian of ratio 1 since:

vxay € E7 | d('r07y) - d(l‘ml’) ’S d(l[’,y)
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Example 1.1.5. [2] On E = K provided with the norm || . ||« , coordinated appli-

cations are continuous .

Theorem 1.1.1. [5] An application g : E — E' is continuous if and only if the inverse

image of any open set (resp. closed) is open (resp. closed).

Corollary 1.1.1. [5] if g : E — E’ is continuous, then we have g(B) C g(B) for
any B C E.

Theorem 1.1.2. [5] The composition of continuous applications is continuous. In
other words, if g : E — E' and h : E' — Z are continuous, then goh : E — Z is

also continuous.

Example 1.1.6. C([a,b],R™) with a,b € R is the space of all continuous y functions
define of [a,b] in R™. the number || y |loo= supieay || y(t) || define a norm and
(C([a,b],R™), || - ||s) @ Banach space.

1.1.2 Convexity

Definition 1.1.11. [6] A subset C' of R" is called convex if:
ar+ (1—a)yeC, Vr,y e C,Va e [0,1].

Proposition 1.1.4. [6]
(a) The intersection (,c; C; of any collection {C; | i € I} of convex sets is convex.
(b) The vector sum Cy + Cy of two convex sets Cy and Cy is convex.

(c) The set A\C' is convez for any convex set C and scalar \. Furthermore, if Cis a

conver set and A\, Ay are positive scalars,

(d) The closure and the interior of a convez set are conver.

(e) The image and the inverse image of a convex set under an affine function are

conver.

Definition 1.1.12. [6/ Let C be a convex subset of R*. We say that a function
f:C — R is convex if :

flox+ (1 —a)y) < af(z)+(1—a)f(y), Ye,yeC, Yael01]. (1.11)
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Definition 1.1.13. Let F be a R-vector space and A be a subset of F. The convex
hull of A is defined by:

n

conv(A)={z € A, x = i)\ﬂi; i € 10,1], Z)‘i =1} (1.12)

1.2 Complete spaces

Definition 1.2.1. [1] A sequence (z,)nen of a metric space (E,d) is called a Cauchy

sequence if it satisfies :

Ve > 0,3IN. € NNVm,n > N., d(zp, z,) < e. (1.13)
Definition 1.2.2. [3] Let F' be a normed vector space. A sequence (U, )nen is bounded
if || un ||< M for some M >0 and all n.

Definition 1.2.3. [2/ Given a metric space (E,d), a sequence (z,)nen of points in E
converges to a point a € E if the distance d(x,,a) tends to 0 as n tends to infinity.

In other words,(x,)nen converges to a if and only if the following property holds:
Ve >0, AN €N, Vn > N, d(z,,a) < e. (1.14)

Remark 1.2.1. [2] In a normed vector space, every convergent sequence is bounded.

The converse is false.

Example 1.2.1. [2] If we endow K™ with the norm || . || then a sequence

(Zn)nen € K™ converges in K™ if and only if it converges "coordinate by coordinate”.
Example 1.2.2. [Z] Let C'([0,1]) be the set of f:[0,1] — R functions of class C*.
We define a norm || . |[cx on C1([0,1]) by setting

IS ller=1 S lloo + 11 f Moo - (1.15)

Then, a sequence (fn)nen € C'([0,1]) converges to a function f € C*([0,1]) in the
sense of the norm || . ||c1 if and only if (fn)nen converges uniformly to f and (f))

converges uniformly to f.
Proposition 1.2.1. [1/ A Cauchy sequence is always bounded.

Proposition 1.2.2. [i] Every Cauchy sequence admitting a convergent sub-sequence

converge.
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Definition 1.2.4. [1] The metric space (E, d) is said to be complete if every Cauchy

sequence in (E, d) converges.
Definition 1.2.5. A Banach space is a normed vector space that is complete.

Remark 1.2.2. [2] Let F be a vector space. If || . ||y and || . ||2 are two equivalent
norms on F, then || . ||1 and || . |2 have the same Cauchy sequences. Therefore, F is

complete for || . ||1 if and only if it is for || . |2

Remark 1.2.3. 2] If d; and dy are two equivalent distances on the same set E, then

E can be complete for di without being complete for ds.

Examples 1.2.1. /2]

(1) R is complete.

(2) Q is not complete.

(3) Every finite-dimensional normed vector space is complete.
Proposition 1.2.3. [2/

Let (E,d) be a metric space, and let A be a subset of E.

(1) If A is complete for d, then A is closed in E.

(2) If (E,d) is assumed complete, then A is complete for d if and only if A is a closed
subset of E.

Corollary 1.2.1. /2] If [a,b] is a closed bounded interval, then the space

(C([a,b]), ] - |leo) is complete. More generally, if E is a metric space, F a Banach space,
and if we denote Cy(E, F) the set of all continuous, bounded functions f : E — F,
then Cy(E, F') is complete for the norm || . ||o-

Corollary 1.2.2. [2] The space (Co(N), || . ||oc) s a Banach space.

Corollary 1.2.3. [2] If F is a normed vector space, then every finite-dimensional

subspace of F is closed in F.

Theorem 1.2.1. [2] If F is a Banach space, then every absolutely convergent series

with terms in F' converges in F.

Proposition 1.2.4. [Z] Let F be a normed vector space. If every absolutely convergent

series with terms in F converges, then F' is complete.
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Some properties of complete spaces :

Proposition 1.2.5. [1/ In a complete metric space (E,d), the complete subspace are

the closed ones.

Corollary 1.2.4. [1] Let (E,d) be a metric space. Any intersection of complete sub-

space is complete.

Proposition 1.2.6. [1] Let (E,d) be a metric space. Any finite union of complete
subspace of (E,d) is complete.

Proposition 1.2.7. [1] A finite or countable product of complete metric spaces is

complete.

Theorem 1.2.2. [2] Let (E,d) be a complete metric space, and let (Op)nen be a
sequence of open E. In particular, we have (), O,, # 0.

Corollary 1.2.5. /2] If (E,d) is a complete metric space, then any closed space of E

s a space of Baire, and all open from E as well.

Corollary 1.2.6. [2] Let (E,d) be a complete metric space. If (F,)nen S a sequence
of closed of E such as | J,,cpy Frn = E then Q :=J, F, is a dense open in E.

1.3 Compactness

Definition 1.3.1. [7/ Let {A, : a € A} be a family of subsets of the space X and
B C X. We say that the family {A, : a € A} is a cover of B (or that the family
{A, : a € A} covers B) if and only if B C |, 4 Aa-If A is finite and {A, : a € A}

covers B,then {A, : a € A} is called an open cover(closed cover)of B.

a€e

Definition 1.3.2. [7] Let {A, : a € A} be a cover of a subset B of a space X. Let
Q C A. Then the family {A, : a € Q} is called a sub-cover of the cover {A, : o € A}
for B if and only if {A, : « € Q} is a cover of B.

Definition 1.3.3. [7] A topological space X is called compact if and only if any open
cover for X has a finite sub-cover for X. A subset B of a space X is compact if and

only if B is a compact topological space with the subspace topology.

Example 1.3.1. [7] Let X be any infinite set. Then (X,C), the infinite topology, is

compact.
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Definition 1.3.4. [1] A topological space (X, T) is said to be compact if it is separated

and if every open covering admits a finite sub-covering:
(X - uiE,Oi) = (aj C 1, J finite, X = uiejoi). (1.16)

Theorem 1.3.1. [§] For any a,b € R with a < b, the interval [a,b] is compact.
Proposition 1.3.1. [1/ Every metric space that is compact is also complete.
Lemma 1.3.1. [§] Every closed subspace of a compact space is compact.
Lemma 1.3.2. [§] Every compact subspace of a Hausdorff space is closed.

Theorem 1.3.2. [§] Let X and Y be compact topological spaces. Then X XY is also

compact.

Theorem 1.3.3. [§/ A subspace of R™ is compact if and only if it is closed and
bounded.

Corollary 1.3.1. [8] Every quotient of a compact space is compact.

1.3.1 Compact metric spaces

Definition 1.3.5. [2] Let (E,d) be a metric space.

(1) A point x € E is said to be an adhesion value of a sequence (T, )neny C E if there

exists a sub-sequence of (x,)nen that converges to x.

(2) The metric space E is said to be compact if any sequence (T, )neny C E has at least

one value adhesion in E.
(3) A set A C E is said to be a compact of E if the metric space (A, d) is compact.

Example 1.3.2. [2] Every closed bounded interval [a,b] C R is compact: this is the

Bolzano-Weierstrass theorem.

Remark 1.3.1. [2] Let E be a metric space.
(1) Every compact set A C E is closed.
(2) If E is compact, then every closed subset of E is compact.

(3) If E is a normed vector space, then every compact subset of E is closed and bounded.

Remark 1.3.2. In a finite-dimensional normed vector space, compact sets are exactly

the closed bounded sets.
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Remark 1.3.3. [2] Let (E,d) be a compact metric space, and let a € E. If a is the
only value of possible adhesion of a sequence (Ty)neny C E, then (x,)nen converges to

a.

Remark 1.3.4. [2] Any finite union of compact sets is compact. In particular, any

finite set is compact.

Definition 1.3.6. [2] Let (E,d) be a metric space. It is said that a set A C E is

relatively compact in E if A is a compact of E.

Remark 1.3.5. [2] Let (E,d) be a metric space. A set A C E is relatively compact

in E if and only if any sequence (x,)neny C A has at least one adhesion value in E.

Corollary 1.3.2. [2] Let (E,d) be a metric space. If (K,)nen 1S a decreasing sequence
of non-empty compact sets in E, then (), K, # 0.

Remark 1.3.6. [2] Let (E,d) be a metric space. If every decreasing sequence of

non-empty closed sets in E has a non-empty intersection, then E is compact.

Proposition 1.3.2. [§/

e A sequentially compact metric space is totally bounded.
o A sequentially compact metric space is compact.

e A sequentially compact metric space is complete.

Continuous functions on a compact

Theorem 1.3.4. [2] Let C be a compact metric space, and let E be a metric space. If
f: C — E is continuous, then f(C) is a compact subset of E.

Example 1.3.3. [2] Let C and E be two metric spaces, with E compact. If f : C — E
is a continuous bijection, then f~': E — C is continuous.

Theorem 1.3.5. [2] If E is a compact metric space, then every continuous function
f: E — R is bounded and attains its bounds.

Theorem 1.3.6. [2] Let C and E be two metric spaces. If Cis compact, then every

continuous function f : C — E is uniformly continuous.

Corollary 1.3.3. [2] Let F be a finite-dimensional normed vector space. If f : ' — R
is a continuous function satisfying limj,| e f(x) = 400, then fis bounded below and

attains its lower bound.
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1.3.2 Compact operators on normed spaces

Definition 1.3.7. [9] Let X and Y be normed spaces. An operator T : X — Y s

called a compact linear operator if T is linear and if for every bounded subset M of X,

the image T(M) is relatively compact, that is, the closure T(M) is compact.
Lemma 1.3.3. [J] Let X and Y be normed spaces. Then:
(a) Every compact linear operator T : X — Y is bounded, hence continuous.

(b) ) If dim X = oo, the identity operator I : X — X (which is continuous) is not

compact.
Theorem 1.3.7. [2] Let T € L(X,Y). Then T is compact if and only if T* is compact.

Proposition 1.3.3. /2] If T € L(X,Y) is compact, then T maps weakly convergent
sequences to strongly convergent sequences. The converse is true if X is a Hilbert

space.

Proposition 1.3.4. [2] Let S € L(X,Y) and T € L(Y, Z). If S or T is compact, then

TS is also compact.

Theorem 1.3.8. [23](Ascoli-Arzela Theorem) Let A C C([0,b],R™). A is relatively

compact if:

1. A is bounded, i.e. there exists M > 0:
| y(t) [|[< M, Vtel0,b and y € A,
2. A is equicontinuous, i.e. for any e > 0, there exists d(g) > 0
Vi1, ta € 10,0], [t —ta] <0 = y(t1) —y(t2) ||<e, Yye A

Example 1.3.4. [2] Every finite-rank operator is compact.

1.4 Some fixed point theorems

Definition 1.4.1. Let (E,d) be complete metric space and let a map T : E — E,
we say that x € E is a fizved point of T if T'(x) = x.
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1.4.1 Banach fixed point theorem

Definition 1.4.2. [1] A mapping T from a metric space E into itself is said to be a
contraction if: d(T'(z),T(y)) < Kd(x,y), for all z,y in E and 0 < K < 1.

A contraction mapping is continuous but not conversely.

Theorem 1.4.1. [12] Let T be a contraction on a complete metric space E. Then T
has a unique fized point x € E.

1.4.2 Schauder fixed point theorem

Theorem 1.4.2. [13] Let C be a closed and convex subset in a Banach space F, and
let T: C — C be a continuous mapping such that T(C) is relatively compact. Then
T has a fixed point.

1.4.3 Schaefer’s fixed-point theorem

Theorem 1.4.3. [153] Assume that (F,| . ||) is a Banach space and that T : F — F

18 a continuous compact mapping. Moreover assume that the set:

U {z € F:a=2(x)}

0<A<1

18 bounded. Then T has a fixed point.

1.4.4 Krasnoselski fixed-point theorem

In 1955, Krasnoselski observed that in a large number of problems, the integration
of a differential operator gives rise to a sum of two applications, a contraction and a
compact application. He then declares:

Principle: The integral of a differential operator can produce a sum of two applications,

a contraction, and a compact operator.

Theorem 1.4.4. [1]|] Let M be a non-empty closed convex subset of a Banach space
(E|| . |]). Suppose that A and B map M into F such that:

e Av+Bye M (Vx,ye M),
e A is continuous and AM is contained in a compact set,
e B is a contraction with constant k < 1.

Then there is a y € M with Ay + By = y.



Chapter 2

Monch-Krasnoselski fixed point theorem

2.1 Measures of noncompactness and condensing op-

erators

In this section we consider the notions connected with measures of noncompactness

(MNCs for brivity) and condensing operators.

2.1.1 Notion of a measure of noncompactness

Definition 2.1.1. [75/ A function ¢, defined on the set of all subsets of a Banach
space F with values in some partially ordered set (Q, <), is called a measure of non-

compactness if
(o)) = () for all Q C F. (2.1)
Definition 2.1.2. [15] Let (E, || . ||) be a complete metric space. A map
v : Mp — [0, +00]

is called a measure of noncompactness (MNC) defined on E if it satisfies the following

properties:

(a) Regularity : ¢(B) =0 < B is a precompact set.

(b) Invariant under closure : p(B) = ¢(B),VYB € M.

(¢) Semi-additivity : p(B1UBy) = max{p(B1),p(B2)},VBy € M,¥YBy € M.
From these axioms, we can immediately deduce the following properties:

18
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(1) Monotonicity : By C M = ¢(B;) < ¢(B).
(2) QO(Bl N BQ) S mln{QO(B1>,QO(BQ)}7\V/B1 S M, VBQ e M.
(3) Non-singularity : If B is a finite set, then p(B) = O.

(4) Generalized Cantor’s intersection theorem : If {B,} is a decreasing sequence of
nonempty, closed and bounded subsets of E and lim,__, ., p(B,) = 0, then the

intersection By of all B, is nonempty and compact.

e [f Eis a Banach space, the measure of noncompactness ¢ can enjoy some additional

properties. Let us list some of them :
(5) Semi-homogeneity : p(tB) =|t | p(B) for any number t and B € M.
(6) Algebraic semi-additive : p(By + By) < ¢(By) + ¢(B2),VB; € M,VBy € M.
(7) In variance under translations : ¢(xo + B) = @(B)for any xo € E and B € M.

(8) Lipschitzianity : | p(B1) — @(B,) |< Lyp(Bi, Bs), where p denotes the Hausdorff
semi-metric p(By, By) = inf{e > 0: By C By +eB(0,1),B; C By +eB(0,1)}.

(9) Continuity : For every B € M and for all e > 0, there is § > 0 such that
| o(B) — ¢(By) |< € for all By satisfying p(B, By) < 4.

(10) Invariance under passage to the convex hull : ¢(co(B)) = ¢(B) for all B € M.

The Kuratowski and Hausdorff measures of noncompactness

Definition 2.1.3. [15/ The kuratowski measure of noncompactness is a mapping

a(Q) : Mp — R, defined by:
a(Q) =inf{e > 0;Q admets a finits covering by sets of diameter smaller then €}.
The diameter of a set A means the number:

diam(A) = sup{|| x —y ||: z,y € A}.

In other words:

k
a(Q)=inf{e >0;Ik e N,Q = UOi,diam(Oi) <eg, foralli=1..k}.

=1
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Definition 2.1.4. [1]] The Hausdorff measure of noncompactness is an application
X(Q) : Mg — R, defined by :

X(Q) =inf{e>0,QC OB(xi,m),ZBi € F,r; e RY, forall i =1...n}.
i=1
In other words:
X(Q) =inf{e > 0,Q has a finite ¢ —net € F'}.
Remark 2.1.1. The kuratowsk: and Hausdorff M NC, its satisfy all the above prop-

erties of[2.1.9

Remark 2.1.2. [15]/ Based on the above definition
diam(0;) < € = diam(0;) > a(2), for all Q € Mp.

Which implies that diam(2) is a condidate to be a(€2) .

Definition 2.1.5. [I7] The Kuratowski and Hausdorff MNCs are invariant under
passage to the convex hull: ¢(M) = ¢(co(M)).

Theorem 2.1.1. [17] The Kuratowski and Hausdorff MNCs are related by the in-
equalities
X(M) < a(M) < 2x(M).

In the class of all infinite dimensional Banach spaces these inequalities are the best

possible.

Theorem 2.1.2. [15] Let B be the unit ball in E. Then o(B) = x(B) = 0 if E is
finite-dimensional, and o(B) = 2, x(B) = 1 in the opposite case.

Remark 2.1.3. [I7] Though in general o and x are different MNCs, in some Banach

spaces we can find a direct relation between them.

2.1.2 Condensing operators

In this section we introduce the condensing operators and study some properties.

Definition 2.1.6. [75] Let Fy and Fy be Banach spaces and let ¢ and ) be MNC's in Fy
and Fy. A continuous operator f : D(f) C Fy — Fy is said to be (@, 1) — condensing
if Q C D(f)), ¥[f(2)] > ¢(2) = Q is relatively compact. The operator f is said to be
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(p, 1) — condensing in the proper sense if Y[ f(Q)] < () for any set Q C D(f)) with
compact closure. If the set Q) is linearly ordered , then the two notions of condensing

operator coincide. A continuous operator f is said to be (q, p, 1) — bounded if

D] < qp(2)

for any set Q C D(f)). Whenever Fy = Fy and ¢ = ¢ we shall simply say ¢ —
condensing and (q,1) — boundell. In the case ¢ < 1, (q,v) — bounded operators are

sometimes referred to as 1) — condensing with constant q.
Proposition 2.1.1. [15]

(a) If the MNC ¢, is regular, then any (g, ¢1, p2)—bounded operator with ¢ < 1 is
(1, p2)—condensing.

(b) If f1 is a (¢1, p2)—condensing operator and fs is a (p2, p3)— condensing operator
that maps totally bounded sets into totally bounded ones, p1 and @3 are reqular
MNCs, and Q@ = [0,00), then the composition fy o fi is a (p1,ps)—condensing

operator.

(c) If Q@ = [0,00) and ¢y is semi-additive, then the set of all (¢1,p3)—condensing

operators is convew.

Example 2.1.1. [T5] Suppose the operators gy, g1 : X C Fy — Fy are (v, B)—condensing,
the set where the MNCs v and [ take their values is linearly ordered (as a consequence

of which fo and fi are (v, B)— condensing in the proper sense), and ~y is semi-additive.
Then the family of operators g = {gx : A € [0,1]}, where g\(z) = (1—N)go(z)+Ag1(x),

is (v, B)—condensing.

Corollary 2.1.1. [15]

(a) If the set M is bounded and q < 1, then the family f is x—condensing.

(b) The sum [+ g of a compact operator [ : Fy — Fy and a contractive operator
g : Fy — F5 is a x—condensing operator on any bounded set M C Fj.

Definition 2.1.7. [77] If E and Y are metric spaces, ¢ and A measures of noncom-

pactness defined on E and Y respectively, and T : D C E — Y a mapping, then

(a) T'is a (¢, \)—contractive operator with constant k > 0 (or simply k—(¢p, \)— contractive)
if T is continuous and verifies that for every bounded subset A of D we have
MT(A)) < k¢ — (A). In the particular case when E =Y and A\ = ¢ we simply

say that T is a (k — ¢)-contractive operator.
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(b) T is a (¢, A)—condensing operator with constant k > 0 (or simply k—(¢, \)—condensing)
if T is continuous and verifies that for every bounded and non precompact subset
A of D we have A\(T(A)) < k¢(A). In the particular case when E =Y and
A = ¢ we simply say that T is a (k — ¢)-condensing operator. Moreover, if k =1

we say that T is a ¢-condensing operator.
Remark 2.1.4. [17]

(a) If § = «, the k — a—contractive (or (k — «)-condensing) operators are usually

called k—set-contractive (or k—set-condensing) operators.

(b) If ¢ = x, the (k — x)-contractive (or (k — x)-condensing) operators are usually

called k—ball-contractive (or k—ball-condensing) operators.

(c¢) Every compact operator is k — (¢, \)-contractive and k — (¢, \)-condensing for all
k> 0.

(d) Every k — (¢, \)-condensing operator is k — (¢, \)-contractive.

2.1.3 Fixed point theorems

Theorem 2.1.3. [I8/(Monch) Let D be a bounded, closed and conver subset of a
Banach space such that 0 € D, and let G be a continuous mapping of D into itself. If

the implication
V =convG(V) or V=GIV)U{0} = a(V)=0 (2.2)

holds for every subset V of D, then G has a fized point.

Proof. We define a sequence (y,) by

Yop1 = Gyn) (0 =0,1,2,..)

Yo =10

(2.3)

Let Y = {y, : n=0,1,2,..}. AsY = G(Y)U {0}, from it follows that Y is
relatively compact in D. Denote by Z the set of all limit points of (y,). It can be easily
verified that Z = G(Z). Let us put

R(X) = convG(X) for X C D,
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and let Q denote the family of all subsets X of D such that Z C X and R(X) C X.
Clearly D € Q. Denote by V the intersection of all sets of the family 2. As Z C V' |V

is nonempty and
Z=G(Z)C R(Z)cC R(V).

Since
R(V)CR(X)CX forall X € Q,R(V) CV and therefore V C (.
Moreover,
R(R(V)) C R(V), and hence R(V) € Q.
Consequently

V =R(V)ie V =convG((V).

In view of this implies that V is a compact subset of D. Applying now the Schauder
fixed point theorem to the mapping G | V. We conclude that G has a fixed point.
]

Theorem 2.1.4. (Darbo)[16)] Let C be a nonempty, bounded closed and convexr subset
of a Banach space F and let T : C — C' be a continuous mapping. Assume that there
exists a constant K € [0,1) for any nonempty subset S of C such that:

a(TS) < Ka(S).

Where o denotes the Kuratowski measure of noncompactness defined in F. Then T

has a fixed point in the set C.

2.2 Measure of noncompactness in spaces of func-

tions

2.2.1 The Hausdorff MNC in the space C|a, D]

In the space C|[a, b] of continuous real-valued functions on the segment [a, b] the value
of the set-function y on a bounded set 2 can be computed by means of the formula
15

1
X(Q2) = 5 lim sup max ||  — z, || (2.4)

6—0 Leq 0<7T<6
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where z, denotes the T-translate of the function x:

o (t) = z(t+71), ifa<t<b-—r, 25)
z(b), ifb—71<t<hbh.

2.2.2 MNC in the space C([0,+o0[,R)

We will use a measure of noncompactness in the space C([0, +o0[,R) [20]. In order to
define this measure let us fix a nonempty bounded subset X of the space C([0, +o00[, R)
and a positive number 7. For x € X and € > 0 denote by w” (z,¢) the modulus of the

function x on the interval [0, 77, i.e.
w(z,e) = sup{|a(t) — 2(s)| : t,5 € [0,T),| t — s |< O}
Further, let us put
wl(X,e) = sup{w! (z,¢) 1 v € X},
wd (X)) =limw’ (X, ), wo(X) = lim wi (X).

e—0 T—o0

If ¢ is a fixed number of R, , let us denote X (¢) = {x(¢) : x € X} and
diamX (t) = sup{|x(t) — y(t)| : x,y € X }.

Finally, consider the function y is a measure of non compactness in the space C([0, +00], R)

defined on the family M¢ (o, 4o0)r) by the formula

w(X) = wo(X) + tlim sup diamX (t).

2.2.3 MNC in the space C([a,b], F)

The space C([a, b], F') is furnished with the standard sup-norm ||z|| = sup{||z(t)| :
t € la,b]}. We use x to denote the Hausdorff measure of noncompactness in the
Banach space F'. We also define the function )¢ on the family of bounded subsets in
C(la, b, F) by taking:

Yo(2) = Xoo(£2(1)) 4 modc(§2),

where

modc(Q(t)) = (lsi_r)r(l) sgg{supﬂ x(te) —x(ty) |: ti,te € (t— 0,6 +9)}},
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modc(2), = sup{modc(2(t)) : t € [a,b]},

and
Xoo(§2) = sup{x(Q(?)) : t € [a, b]}.

Then, 1¢ is a full monotone and nonsingular MNC on the space C([a, b], F').

2.2.4 MNC in C([a,b], F)

Let C'([a,b], F) denote the Banach space of the continuously differentiable functions
x : [a,b] — F, equipped with the norm ||z||. = ||z||c + ||#’||c. The function ¥cn,
defined on the bounded subsets of C*'([a,b], F') by the formula [15]

Y1 () = Yo (Q) + o ()

is an MNC, where '(t) = {2/(t) : « € Q}. If the set Q' = {2’ : 2 € Q} is equicontinu-
ous and the MNC v¢n is continuous, then ¥e1(2) € Cla, b].

2.2.5 MNC in C"([a,b], F)

Let C™([a,b], F') denote the Banach space of the n-times continuously differentiable
functions z : [a,b] — F, endowed with the norm ||z|cn = D1, ||z|lc- Then each
MNC ¢ on C([a,b], F) generates an MNC tcn on C"([a,b], F') by the rule

Pon (Q) = Yo (Q) + e () + -+ 4+ a(Q),
where QU = {2 : € Q}.

2.2.6 MNC in L,([a,b])

Let Q be a bounded subset of the space L,([a, b]) of equivalence classes of measurable

functions = : [a,b] — R which are p-integrable, endowed with the norm ||z| =
1

L4(9) < X(9) < ().

(/ab(|x(t)|pdt)p. Then
2

The function p appearing above is defined by the formula

p(Q) = lim {sup[max || = —z, ]},

e—0" e 0<h<le
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where z;, denotes the steklov mean of the function = defined as

t+h
xp(t) ! / x(s)ds.

T2 )i,

Proposition 2.2.1. [22] Let F' be a Banach space and T C C([a, b], F') equicontinuous
with T(t) bounded for each t € [a,b]. Then

1. For allt,s € [a,b], one has
(T () — a(T'(s))] < 2w(T, ),
where w(T';0) is the modulus of continuity of T', namely

w(T,6) = sup{|u(t) —u(s)|;t,s € a,b], |t —s| < o,u €T}

a ( /0 1 T(t)dt) < /0 1a(T(t))dt,
/OlT(t)dt - {/01 u(t)dt;u € T} .

2.3 Monch-Krasnoselski fixed point theorem

2. We have

where

Lemma 2.3.1. [1Y] Let S : F — F be a strict contraction with constant K € [0,1).
Then, I — S is bijective and (I — S)™' : F — F is continuous Lipschitzian with
constant (1 — K)~ L.

Proof. Notice for x,y € F', we have:
(I =8)z—-I=Syl=z0A-K)[[z—y]. (2.6)

Thus, I — S is one-to-one. Now, let y € F' be fixed. The map which assigns to each
x € F the value Sz + y is a strict contraction from F into itself, and so has a unique
fixed point xy € F, by the contraction mapping principle. Hence, o = Szy + y, and
therefore, y = (I — S)xo. Consequently, F' = (I — S)F. The second assertion follows
from 2.6 O

The following theorem is a basic result in topological fixed point theory. It gener-
alizes, in some sense, Monch fixed point theorem as well as Krasnoselski fixed point

theorem.
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Theorem 2.3.1. [19] Let F be a Banach space and M be a nonempty closed convex
subset of F. Let T : M — F and S : F — F' be two continuous mappings satisfying

the following conditions:

(i) There is some xy € M and a positive integer ng, such that for all countable
C C M, we have:

C = Flrowo)(T, 8 C) implies that C is relatively compact. (2.7)

(11) S is a strict contraction.

(i1i) (x = Sz + Ty,y € M) implies x € M.
Then, T'+ S has at least one fixed point in M.
Proof. [19] Referring to Lemma [2.3.1] , we see that 7 = (I — S)™'T : M — F is
well defined and continuous. Moreover, from our assumptions, we know that 7 maps

M into itself and we have F(T,S,Q) = 7(Q2), for any Q@ C M. Now, we consider the

iterative sequence (D,,) of sets:
Dy = {x}, D,=FL®N(T S D, 1),neN.
By mathematical induction, it is easily seen that for all n € N, we have:
D,, C Dy4;. (2.8)

We will use mathematical induction to prove that the statement P(n) given by “for
all n € NU {0}, the set D,, is compact” is true. Observing that Dy is compact, we
obtain that the base case P(0) is true. Next, we perform the inductive step. Assume
that P(n) is true for some integer n > 0; that is, D,, is compact. Using the continuity

of 7 together with the Krein—-Milman theorem, we infer that:
Dyy1 = FE™NT, S, D,,) = e({zo} UT(D,)) (2.9)

is compact. Consequently, we have shown our statement P(n + 1) to be true, and
thus, our inductive step is complete. Let us put D = U,enD,,. Easy considerations

lead us to infer that:
D = FL=)(T, S, D). (2.10)

Notice for every n € N, D,, is compact, and so, it is separable. Thus, for each n, there
exists a countable set C,, C D,,, such that D,, = C,,. Let us consider C' = UneN C,. It
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is easy to check that:

D=C (2.11)
Linking [2.10] and 2.11] we arrive at:
C =D =¢eo({xo} UF(T,S, D)) =co({xo} UF(T,S,D))
=co({xo} UF(T,S,C)) =co({xe} UF(T,S,C)) = FL=(T, S C).

As a result:

C = Fh=o)(T S, C). (2.12)
Using a simple mathematical induction, we obtain:

C = Flom)(T, S, C). (2.13)

From our hypotheses, we know that C is relatively compact. In view of , we have
7(C) c C. The Schauder fixed point theorem ensures the existence of a fixed point
for 7 which, in turn, is a fixed point for 7"+ S. O]
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Applications

3.1 Neutral partial integrodifferential equation with-

out compactness

We will investigate the existence of mild solutions for neutral partial integrodifferential

equations of the following form [19]

%Q(u)(t) = AG(u)(t) + f(f B(t — s)G(u)(s)ds + M(t,u(t)) fort € |0,al,
U(O) = Ug € F,

(3.1)

where A : D(A) C F — F'is a closed linear operator on a Banach space (F, || . ||r),
(B(t))t>0 is a family of closed linear operators on F having the same domain D(B) D
D(A) which is independent of t and

G(u)(t) = u(t) — G(t,u(t)) forte|0,a,

where G, M are given functions to be specified later. Equation [3.1]is known as abstract

neutral integrodifferential equations.

3.1.1 Resolvent operators and measure of noncompactness

Let (F,]| . ||r) be a Banach space and let C([0,al, F') denote the Banach space of all
continuous functions defined on [0, a] with values in F equipped with the standard
sup-norm. Also, for any closed linear operator (A, D(A)) on F, we denote by Y the
Banach space D(A) equipped with the graph norm

Iz fle:=I Az [[p + | 2 ||r .

29
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We need the following results on the resolvent operator theory. Let us consider the

following integrodifferential equation:

y'(t) = Ay(t) +/O B(t — s)y(s)ds for t >0

y(0) =yo € F.

(3.2)

We start by defining the resolvent operator for Eq. [3.2]

Definition 3.1.1. [79] A resolvent operator for Eq. 1s a bounded linear operator
valued function R(t) € L(F) for t > 0 having the following properties:

(a) R(0) = I, the identity map on F and || R(t) ||zm< MeP* for some constants
M <1 and p € R.

(b) For each x € F, R(t)x is strongly continuous for t > 0.
(c) R(t) € L(Y) fort > 0. Forx e Y,R(.)x € C*(R,F)NC(R,,Y) and:
¢
R'(t)x = AR(t)x + / B(t — s)R(s)xds for t >0
0

) 33
= R(t)Az +/ R(t — s)B(s)xds for t > 0.

In the sequel, we provide sufficient conditions ensuring the existence of the resolvent
operator. For this purpose, we consider the following assumptions:
(I) A is a closed densely defined linear operator on a Banach space (F,|| . ||r).

(IT) (B(t))s>0 is a family of linear operators on F, such that B(t) is continuous from
Y to F for almost all ¢ > 0. Moreover, there is a locally integrable function
b:RT — RT, such that B(t)y is measurable and

I Bty lr<b(t) | y lc for ally €Y and t > 0.

(IIT) For any y € Y, the map t — B(t)y belongs to W2 (R*, F) and:

loc

d
I = B@y I<b@) [l ylla; fory €Y and ae.teR™;

here, W,i!(R*, F) stands for the set of all functions u € L}, (R*, F) which admits a
distributional derivative v’ € L} (RT, F).

loc
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We point out that resolvent operators do not verify semigroup property.
For example, if we take F' =R, Ay =y and B(t) = —2y in Eq. (3.2)), then, we have:

R(t)x = é'(cost + sint)x and T(t)x = e*z.
However, the following significant result ensures the existence a resolvent operator for

Eq. provided that A generates a strongly continuous semigroup.

Theorem 3.1.1. [19] Assume that (I) — (I11) hold. Then, Eq. admits a resol-

vent operator if and only if A generates a Cy — semigroup.

We work in the space C' := C(I, F') consisting of all functions defined and contin-
uous on I = [0, a] with values in the Banach space F. The space C(I, F') is furnished
with the standard sup-norm || z ||oo= sup{|| z(¢) ||r: t € I}. We use x¢ to denote
the Hausdorff measure of noncompactness in the space C(I, F'). We also define the

function )¢ on the family of bounded subsets in C'(I, F') by taking:

Ve () = Xoo(Q) + mode(22),

where
modec(2(t)) = (lsirr(l) sug{sup{] x(te) —x(ty) |1 ti,t2 € (t— 0,6+ 9)}},
—Uze

modec(2), = sup{modc(Q(t)) : t € I},

and
Xoo(§2) = sup{x(Q(t)) : t € I};

Then, 9)¢ is a full monotone and nonsingular MNC on the space C'(I, F'). We introduce
the following sets. Let M be a nonempty closed convex subset of F,T,S : M — F

two nonlinear mappings and xy € F. For any Q2 C M, we define:
F(T,8,Q) ={xeM:x=Sx+Ty, for somey e Q},

F2o)(T,8,Q) = eo({z} UF(T, S, Q)),

and

Foa(T,5,9) = o {wo} U F(T,5, (Fo 1T, 5,0))) ).

forn =23, ...
When S = 0, we abbreviate the notation F™20)(T,0,Q) to F™=)(T Q). It may
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happen that the set F(7,5,) is empty. In such a case, we cannot expect to have
a fixed point for the sum S + T in ). Therefore, this case is not relevant to our
purpose. In the case where S is a strict contraction,we are absolutely sure that all the

sets F(T,S,Q) are nonempty.

Proposition 3.1.1. [19/ Assume that:
(a) S: F — F is a strict contraction with constant k € [0,1) and
(b) (x = Sx+Ty,y € M) implies x € M.Then:

(i) F0)(T, S, Q) is a nonempty subset of M for any Q C M and any positive integer
n>1.

(i3) Fr=o) (T, S, Q) = Fr=)((I — S)~IT, Q) for any Q C M and any positive integer
n>1.

(iii) Q0 C Qo C M implies F20) (T, S, Q) C F™2) (T, S, Qy) C M for anyn > 1.

Lemma 3.1.1. [19] Let H C C([0,a], F') be equicontinuous and xy € C([0,a], F).
Then, co(H U {xo}) is also equicontinuous in C([0,a], F).

Lemma 3.1.2. [19] Let H C C([0,a]; F) be a bounded set. Then, x(H(t)) < xc(H)
for any t € [0, al], where H(t) = {u(t) : uw € H}. Furthermore, if H is equicontinuous
on [0,al, then t — x(H(t)) is continuous on [0,a] and:

xc(H) = X (H),

where

Xoo(M) = sup{x(H(?)) : t € [0, a]}.

Lemma 3.1.3. [19] Let H be a bounded subset of F. Then, there exists a sequence
(Un)nen € H, such that:

X(H) = x((un)n=1).

We also need the following elementary result.

Lemma 3.1.4. [19] For all 0 < m < n, we denote CI* = (). Let 0 <e < 1,h > 0,

and: 2
S, ="+ Cle"th + C’zs”_zg +..+—,neN.
! n!

Then, lim,,__,, S, = 0.
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3.1.2 New Monch—Krasnoselski type fixed point theorems

We establish a new fixed point theorem for the sum of two operators. This fixed point
result is really interesting and may have several applications. It will serve as a key
tool for the development of our existence theory. Before making a formal statement of

our fixed point result, we need to recall the following more or less well-known result.

Referring to lemma [2.3.1] and theorem [2.3.1]
We describe the case where S = 0.

Corollary 3.1.1. [19] Let F be a Banach space and M be a nonempty closed convex
subset of F. Let T : M — M be a continuous mapping. Assume that there are a
vector xg € M and a positive integer ng, such that for any countable subset C of M,
we have:

C = Frowo)(T O implies that C is relatively compact. (3.4)
Then, T has at least one fized point in M.
In view of Theorem , we promptly deduce the following interesting results.

Corollary 3.1.2. [19] Let F be a Banach space, M be a nonempty bounded closed
convex subset of F, and v be a nonsingular measure of noncompactness on F. Let

T: M — F and S: F — F be two continuous mappings satisfying:

(i) there exist a vector xy and a positive integer ng, such that for any countable subset
Q of M with ¥(2) > 0, we have:

Y(Fron(T, 8,9)) < (9); (3.5)

(i1) S is a strict contraction;
(i1i) (x = Sz + Ty,y € M) implies x € M.
Then, T'+ S has at least one fixed point in M.

Corollary 3.1.3. [19] Let F be a Banach space, M be a nonempty bounded closed
convex subset of F, and 1 be a nonsingular measure of noncompactness on F. Let
T: M — M be a continuous mapping, such that there exist a vector o and a positive

integer ng, such that for any countable subset Q0 of M with 1¥)(2) > 0, we have:
Y(FmN(T,Q)) < (Q). (3.6)

Then, T has at least one fized point in M.
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As a consequence of Corollary [3.1.3 we obtain the following statement which is a

sharpening of Daher’s theorem

Corollary 3.1.4. [19] Let F be a Banach space, M be a nonempty bounded closed
convex subset of F, and 1 be a nonsingular measure of noncompactness on F. Let
T : M — M be a continuous mapping, such that for any countable subset Q) of M with
»(Q2) > 0, we have:

p(T(2)) < P(Q). (3.7)

Then, T has at least one fized point in M.

3.1.3 Existence results

We will prove the existence of a mild solution for the neutral equation [3.1 But
before that, we need to recall some results regarding the estimation of the Hausdorff
measure of noncompactness for integral operators and related results. We start with

the following interesting results.

Theorem 3.1.2. [19] Let F be a function from [0,+00) into L(F). Suppose that F
1s continuous for the strong operator topology. Let € be a bounded subset of F and
F={F()z,z € Q} C C(R",F). Then, for any t > 0, we have:

mode(F(t)) < w(F(t)x(2).
In particular, for any t € [0, al, we have:
modc(F (1)) < 2Max (),
where:

W(F() = lim sup (| Fto)w — F(t)a |p: tr,ta € (t — 6.t +0)}
—Vz)<1
and
M, = sup || F(t) [le) -

te(0,a]

Proposition 3.1.2. [19] Let F be a function from [0,+o0) into L(F'). Suppose that
F is continuous for the strong operator topology. Then, for any compact K C F, we
have:

Su}? | F(t)y — F(to)y ||lr— 0 as t — t.
ye



3.1. Neutral partial integrodifferential equation without compactness 35

Let V be an operator defined on L'([0,a]; F) with values in C([0, al; F) satisfying the

following conditions:

(S1) There exists d > 0, such that:

I VI(E) = Vy(t) [[r< d/o I f(s) = g(s) ||r ds,

for every f,g € L*([0,al; F) and t € [0, a].

(S3) For any compact K C F and any sequence (fn)n>1 C L'((0,a); F), such that
(fn(t))n>1 C K for a .e. t €10,a], we have:

fn = fo implies V[, — Vfo.

The following fundamental theorems are crucial for our further work.

Theorem 3.1.3. [19] Assume that the operatorV satisfies (S1) and (Sa). Let (fn)n>1 C
L'((0,a); F) be integrably bounded, namely:

| fu(®) [|[< v(t) for all n>1 and a.e t € [0, al, (3.8)
where v € L'(0,a). Assume that:

X((fa(t))n=1) < q(t) for a.et €[0,a], (3.9)

where ¢ € L'(0,a). Then:

AV hO)n) <24 | a(s)ds,

for allt € [0, a], where d > 0 is given in (S).

Theorem 3.1.4. [19] Assume that the operatorV satisfies (S1) and (Ss). Let (f,)5, C
LY([0,a]; F) be as in[5.8, Assume that[3.9 holds. Then, for every t € [0,al, we have:

modc((V fn(t))n>1) < 4d /th(s)ds, (3.10)

where d > 0 is the constant in (S1).

For later use, we consider the integral operator:

Vof)(t) = / R(t — )f(s)ds, for t € [0,d],
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where f € C([0,al; F).
The operator Vo enjoys some interesting and useful properties given by the following.
Theorem 3.1.5. [19] Let (f,)5>, C L*([0, a]; F)be such that the set (f,(t))°, resides

in a compact set IC, for almost every t € [0,a]. Then, the sequence (Vofn)2, is

relatively compact in C([0,al; F).

Theorem 3.1.6. [19] The integral operator Vy satisfies (S1) and (Sz).

From now on, we assume that the assumptions (I)-(I111) hold true and the operator A
generates a strongly continuous semigroup. Our main purpose in the immediate sequel
is to show the existence of solutions to Fql3.1. Before doing so, it is appropriate to

clarify the definition of solution which we will consider.

Definition 3.1.2. [19] A continuous function u : [0,a] — F is said to be a mild

solution of Eq. if:
u(t) = R(t)G(0,up) + G(t, u(t)) +/0 R(t — s)M(s,u(s))ds for t € [0,a]. (3.11)

To obtain the existence of mild solutions to[3.1], we assume the following assump-

tions.

(H1) The function M : [0,a] x F — F satisfies the Carathéodory conditions; that
is, M(., z) is measurable for all z € F' and M(t,.) is continuous for almost all
t €10,a.

(H2) There exist a function p € L'((0,a); R™) and a nondecreasing continuous
function © : RT — R™, such that:

| £(t,2) |< p(O)QU|| 2 ||) for all t € [0,a] and z € F.

(H3) There exists a function § € L'([0, a]; RT), such that for any bounded set Q C F:
X(f(2,€)) < 0(t)x().

(H4) There is a ko € [0,1), such that for any t;,t, € [0,a] and any z1,2, € F, we
have:
| G(t1, 21) — Gt2, 22) |p< ko[ tr — L2 [+ || 21 — 22 [[p)-

(H5)

Q a
ko + M, lim inf (r) / p(s)ds < 1.
r—00 0

r
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To allow the abstract formulation of our problem, we define the following operators

as follows:
(Su)(t) = R(t)G(0,up) + G(t,u(t)) forte[0,a], ue C([0,a]; F)
and
T =Vyo Ny,

where

Neu= f(,u(.)) for ue C([0,al]; F).

It is plainly visible that u is a mild solution of Eq. if and only if u is a fixed point
of T4+ 5. With this in mind, we shall show that operators T,S satisfy all conditions

of Theorem [2.3.1] . This will be achieved in a series of lemmas.
Lemma 3.1.5. [19] The operator T maps continuously C([0, a]; F') into itself.

Proof. Let (uy), be a sequence in C([0, al; F'), such that

lim w, = u in C([0,a]; F).

n—oo

By (H1), we have:
lim M(s,un(s)) = M(s,u(s))

n—oo

for a.e. s € [0, al. Hence:
I Tt = Tl Mo [ M. 0(5) = M5, 0(5) [ .
Using the dominated convergence Theorem, we obtain:
nh_)rglo | Tu, — Tu ||oo= 0.

This completes the proof. n

Lemma 3.1.6. [19/ S is a strict contraction.

Proof. Let u,v € C([0,a]; F) and t € [0,a]. Then, by (H4), we have:

I (Su)(t) = (Sv)(#) [lr <[l G(t,u(t)) = G(t, 0(1)) ||
< ko || u(t) =) [|r -
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Consequently:
[|'Su = Sv o< Ko [l u = v [loc -

Lemma 3.1.7. [19] There is a ro > 0, such that:
(u=Su+Tv,v € B,,) implies u € By,

where B, = {u € C([0,al; F) :|| u [[< 7}

Proof. We argue by contradiction. Assume that for all » > 0, there are u € C([0, a|; F)
and v € B,, such that v = Su+ Tv and u ¢ B,. Hence, for any t € [0, a], we have:

I (Su)(t) + (To)(®) [
<1 R0t = GO0, 0)) + Gleu(®) i+ | [ Rlt = )G, 0060 1
< My 10 = G(0.w0) e+ 1| Gt u(t) [ +M,20) [ ()i
< My o = GOO,) [+ 1| G(4.0) [ ko | 0 o +7L200) [l

Thus:

I floo =[I Su+Tv o0

< Mo || uo = G(0,u0) [lr + I G(.,0) [loo +ho [ 4 [|oo +Ma9(r)/ p(s)ds.
0

Consequently:

1

< <
relulle < 5o

(M 00 = GO.00) 1+ 1 GC.0) e +14,20) [ plo)ds).
0
this implies that:

L (Maluo = GO,u0) lr  [1G(,0) lloo Q(r) /“
1<1—k0 ( r * r + Ma rJo p(s)ds).

Taking the liminf as » — 0o, we obtain that:

1 < ko+ M, lim inf Ar) / p(s)ds,
r—>00 T 0

which contradicts (H5). This achieves the proof. O
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Lemma 3.1.8. [19] There is an integer ng, such that Xoo(FT0O(T, S, D)) < xso(D),
for any bounded subset D of C([0,al], F), with xs(D) > 0.

Proof. Let D be a bounded subset of C(][0,a], F'), such that x(D) > 0. Then, for
any t € [0, a], we have that:

FAO(T S D)(t) = {u(t),u € FEONT,S D)}
C {u(t) — Su(t),u € F&(S K, D)} + {Su(t),u € F&(S K, D)}.

Using the properties of the Hausdorff measure of noncompactness, we get:
X(FET, S, D)(1)) < X(T(D)(8)) + kox(FHO(T, S, D)(t)).

As a result:

X(FET, S, D)(t)) < X(T(D)(t))- (3.12)

/fo
Referring to Lemma [3.1.3] we see that there is a sequence (uy,)n>1 € D, such that:

XUYDMQ)SX«TMAQMN)SX((KfR@—SWWGAMGDdﬁnN>.
Invoking Theorem [3.1.3], we obtain:
X(T(D)(t)) < 2M, / C(8)X((un(s))n>1)ds < 2Myxoo(D / C(s

Taking into account the density of C([0,a];R) in L*([0,a];R), we see that for any
([0, a]; R) satisfying

/ |C(s) s)|ds < 0.

2M’

Consequently:

WT(D)(H)) < 2Moxae(D l/w <ﬂw+4www4

< 2M,Xoo(D)[6 + 7],
where 7 = supg<,<, [¢(s)|. Thus:

X(T(D)(t)) < (2Mad + 2MaTt)Xoo(D).
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This means by that:

X(ECNT, S, D)(t) < (A+ ut) Xoo( D), (3.13)
where \ = (21]:/[;;;5) and p = (21]\_/[;;;). Furthermore:

FEOUT, 8, D)(t) € {ult) — Su(t),u € FE(T, 8, D)} + {Su(t),u € F*(T, S, D)}
C {Tw(t),v € @(FYNT, S, D)U{0})} + {Su(t),u € F*NT,S, D)}.

Hence, a similar reasoning as above yields:
X(FENT, 8, D)(t)) < x(T(eo(FOUT, S, D) U{0}))(1)) + kox(FEO(T, 5, D) (1))

Thus:

WFEO(T, 5, D)(t)) < —

ST kOX(S(@(F“’O)(T, S, D)u{0}))(t)). (3.14)

Referring to Lemma [3.1.3], we see that there exists a sequence
(wn)nz1 € co(FHO(T, S, D) U{0}),
such that:

X(T(@(}_(LO)(T, S, D)U{0}))(t)) < X<</0t R(t — S)M(S,wn(s))ds>n21)

<2M, [ C(s)x(@(FOO(S, K, D) U {0})(s))ds

<2M, | C(s)x(FEO(T, S, D)(s))ds.

Liking and , we arrive at:

(FET 5. D)) < s [ 100 = o)+ o)+ 9 (D)
< 2o [ 1009 - et (35 et
< [A(A + ut) + u(kt + M%)] Xoo(D)
< [/\2 + 2\t + ('M?Q]Xoo(D)-
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Accordingly:

(ut)
2

X(]:(Q’O)(Ty S, D)(t)) < [)\2 + 2 \put + }Xoo(D)«

By mathematical induction, we obtain for all integer n > 1 that:

jit)? )"
X(F™O(T, S, D)(t)) < [)\"+C X"t + CEA 2(2|) +o (’22 ]XOO(D)-
Accordingly:
2 n
Xoo(F™O(T, S, D)) < [A” + CIN"pa + OﬁA”‘Q% + ot (“S!) }xoo(D)

Since 0 < A < 1 and pa > 0, then from Lemma |3.1.4] we deduce that there exists
ng € N*, such that:
(na) (pa)™

o

Sng = |A™ 4+ C’}lo/\”o_l,ua + C’fmx\”(’_2
which implies that:
Xoo(F™O(T, S, D)) < xoo(D).
m

Lemma 3.1.9. [19] Let D be a bounded subset of C([0,a], F). If T(D) is equicontin-
uous, then so is F™O(T S, D) for any integer n > 1.

Proof. Let u € F(T,S, D). Then, there exists v € D, such that:
u=Su+Tv.
Hence, for ¢, € [0, a], we have that:

[ u®) = u(@) [[p= || Su(t) + To(t) — Su(t’) = To(t') ||F
< | Su(®) = Sut') l|r + || To(t) = To() ||r

< 1 (B() ~ RGO, u0) 15 +ko ([t — 11+ [ ut) — u(t') || )
+ | Tolt) = To(t') |

Consequently:

Ju()=u®) 1< 7= (I ToO-To(®) e + | (BE-RENGO.u0) [ )+

ko ,
t—t'|.
ysand
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Keeping in mind the fact that T(D) is equicontinuous on [0, a], we deduce that:
| u(t) —u(t') |F— 0 as, t =t (3.15)

uniformly in u € F(T,S, D). This implies that F (7', S, D) is equicontinuous.
In view of Lemma [3.1.1, we conclude that FO(T, S, D) := co(F(T,S, D) U {0})
is equicontinuous. By mathematical induction, one can see that F™9(T,S, D) is

equicontinuous for all n > 1.

O
After these preparations, we are now ready to state the main result of this section.

Theorem 3.1.7. [19] Assume that (H1) — —(H5) hold. Then, the problem[3.1] has at

least one mild solution on [0, al.

Proof. Let C be a countable subset of B,,, such that:
C = FoO(T,3,0). (3.16)

Referring to Lemma , we see that x(C) = 0. Hence, by Theorem together
with assumption (H1), we deduce that T(C) is compact. Now, we apply Lemma [3.1.9]
to conclude that F(o:=0)(T S () is equicontinuous. Going back to , we infer
that C is equicontinuous. The use of Lemma yields xo(C) + xo(C) = 0 and,
therefore, C is relatively compact. Invoking Theorem together with Lemmas
B.1.5,[3.1.6],3.1.7, we deduce that S+ T has a fixed point in B,, , which is, in turn,
a mild solution to [3.11 O

3.2 Example

[19] Now, we apply our abstract results to investigate the existence of mild solutions

for the following neutral integrodifferential equation subjected to some initial data :

(% [u(t, x) — g(u(t, x))] =uv- V[u(t,x) — g(u(t,x))}
+ fot Be= =9y . V[u(s, x) — g(u(s, x))}ds
+p1(t)p2(u(t,x)), for t €[0,a] and x € RY,

L u(0,2) = ug(z), for xR,

(3.17)
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where 8 > 0, u € [0,1], v = (v1, vy, ..., v4) is a fixed element in RY d > 1, and v - Vw

is the v — directional distributional derivative of w, that is:

d

Ow
v - V(JJ(ZE) = ;Ula_{ﬂl(x)’
for each w € LP(R?) with v - Vw € LP(R?),1 < p < +oo and a.e. for z € RY. Assume
that:

(i) p1 : [0,a] — R is integrable, p, : R — R is Lipschitzian with constant Ly > 0
and py(0) = 0.

(ii) There exists ko € [0, 1) such that:

lg(2) — g(2")| < kolz — 2'| for z,2' € R.

(iii) up € LP(RY).
Let F'= LP(RY),d > 1, with 1 < p < 400 and let v € R%Let u(t) = u(t,.) and define
the functions G, M : [0,a] x ' — F by
M(t,w)(x) = pr(t)pa(w(x))
and
G(t,w)(x) = g(w(2)), fort€[0,a],z € R’

and w € F.Hence, takes the following form:

+M(t,u(t)) fort € |0,d

u(0) = up.
(3.18)
Where A : D(A) C F — F is defined by:

D(A) = {u € L,R v-Vu € LP(RY)},
Au =v - Vu,

for each u € D(A), and B(t) = fe ™A = b(t)A, for t > 0. We will show that all

conditions of Theorem B.1.7 are satisfied. This will be achieved in a series of lemmas.
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Before we do that, the operator A is the infinitesimal generator of the Cy — group of

isometries {T'(¢) : ' — F;t € R} given by:

[T(@)&)(x) = &z + tv),

for each £ € F,t € R and a.e. for z € R? It should be stressed here that the
semigroup (7'(t))s>o0 is neither compact nor equicontinuous. Moreover, for any ¢ > 0

and any y € D(A), we have:

I By <[l b(t) Ay [[r< b(t) || y(t) lle,

and
| %B(t)y < pub(t) || Ay [p< b(2) [[ y(2) llc -

Referring to Theorem we see that Eq. admits a resolvent operator (R(t)):>o:

Lemma 3.2.1. [19/
I G(x) = Gy) [[p< Ko |z =y -

Proof. Let wy,ws € F. Then, from (ii), we have:

| G(wi)(z) = Glw2)(2) [=] glw)(x) — glwa)(x) |< Ko | (wi(2)) — (wa(x)) |-

Thus:
| G(w1) = G(wa) [[,< Ko || wi —wa || -

Lemma 3.2.2. [19/

| M(t,w) [[,< [p1()|Q2(]] w |lp) for all t € [0,a] and Q2 € F,
where Q(r) = Lor.
Proof. Since py(0) = 0, then:

| M(t,w)(2) [<] pr(8) || pa(w(@))] <[ p1() [ Lo [ w(z) | .

Hence:

| M w) [[p<I pr(2) | Lo [[[ w [l -
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Lemma 3.2.3. [19/ For any bounded set D C F and any t € [0,a], we have:

xX(M(t, D)) <| pi(t) | Lax(D).

Proof. Let t € [0,a], D a subset of F and A\ > x(D). Then, there are wy,...,w, € F,
such that D C |J;_; B(w;, A). Notice that for any w € D, there is an iy € {1,...,n},

such that || w — w;, |,< A. Hence, for any = € F:

| M(t,w)z = ML, wio)z | <[ pi(t) || pa(w(z)) = palwio(@)) |
<Ipi(®) [ Le [ w(@) = wip(2) |-

This leads to:

| Mt w) = Mt wio) [[p<| pr(t) | Lz [| w = wig [[p<| pr(t) | LaA-

Therefore:
X(M(t, D)) <[ pi(t) | Lo,

Letting A\ — x (D), we get:

X(M(t, D)) <| pr(t) | Lax (D).

Lemma 3.2.4. [19] Assume that 25(“7“2 +1) < 1. Then:

M, < 12
1—-268(4-+1)

Y

where

My = sup || R(t) ||

te(0,a]

Proof. We know that:

T(t)x = R(t)x +/0 R(t — s)Q(s)xds,

with

Q(s)z = — /O B(s— 1) /O " T(0)zdodr — B(0) /0 T(r)edr.

(3.19)

(3.20)
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It is readily verified that:
Q(s)x = Bu /O e 4 /0 TT(@)a:deT — BA /0 ST(T)xdT
= Bu /OS e M (1)e — x)dr — B(T(s)x — ).
Therefore, || Q(s)z ||< 26(us + 1) || z ||. Now, we see from [3.20] that:

2
M, < 1+2BMQ(%+1>.

Hence, M, < —,— as asserted. ]
1-28(42% +1)

Theorem 3.2.1. [19] If ko + % < 1, then Eq. |3.17 has a mild solution on
—28(% 5~
[0, a].

Proof. [19] This follows from Theorem on the basis of Lemmas 3.2.1} [3.2.2] [3.2.3,
and 3.2.4 O

3.3 Results on neutral partial integrodifferential equa-

tions with nonlocal conditions

We establish the solution of the existence of Equations (3.21) and (3.22) with finite
delay [21]

d v v
%D(v, zy) = AD(v, 2) +/ H(v—5)D(s,zs)ds + ¢(U, zv,/ h(v, s, zs)ds),
0 0
(3.21)
20 =¢+g(z) = C([=r,0], F). (3.22)
where v € I = [0,b], A is a closed linear operator defined on Banach space (F, || . ||)

with domain D(A). Let [H(v)],>0 be the set of all closed linear operators on F with
domain D(H) D D(A) and C([—r,0], F') denote the set of all continuous functions
defined on [—r,0] into F. Throughout this theory, F will be used as Banach space.
The function D in RT x C' — F is defined as follows

D(v, ) = p(0) — M(v, p),
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where the function M is continuous from R x C into F and the function f is also
continuous from R* x C' x F into F. Let z, € C([—r,0], F),Vv > 0, then the history
function z, € C'is defined by

2p(t) = z(v+1t) fort e [—r0].

3.3.1 Existence results

Here, to establish the result on the existence of and we need the following

lemmas [21].

Lemma 3.3.1. [2])] Let H be a bounded subset of F, if there is (u,) in H, then

Y(H) =(u,) for n> 1.

Lemma 3.3.2. [2]] Let H : [0,b] — F be an equicontinuous map and zo € [0, D],

then co(H U {zo}) is also equicontinuous.

Theorem 3.3.1. [21] The continuous function F from [0,00) to L(F') and for some
compact set K C F', then

sup || F(v)y — F(vo)y ||— 0 as v — vy.

yeK
The operator V defined on L'([0,b]; F') in C([0,b]; F) satisfies,

(S1) For some d > 0, we have
IV () =V fa(v) [[r< d/o | fi(s)=fa(s) e ds, forall fi, fo € L([0,8], F), v € [0,0].

(S2) The compact set K C F and (fn)n>1 C L*([0,0], F) implies (fn(v))n>1 C K for
all v € [0,b] we have
fn —> fo= Vi — Vo

Theorem 3.3.2. [21] Suppose the operator V satisfies (S1) and (S2) and (fy)n>1 C
LY([0,0], F) is integrable and bounded,

| fu(v) |€ w(v), Yo €[0,b],n>1, for some w € L*(0,b).
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Assume that for all v € [0,b] and for some q € L*(0,b) such that

o((10),0) <ato)

Then v
w<(vfn(v))n>1> < Qd/ q(s)ds for all v € [0,b],d € 5.
- 0

Definition 3.3.1. [2]] The continuous function z : [—r,00) — F is called a mild
solution of Equations and [3.23 if the following integral equation is satisfied

z2(v) = F(v, zy)

+ R1<U>

D(0.6(0) + g(=)(0))

+ / Ry(v — 5)¢<s, zs,/ h(s,T, ZT)dT) ds. (3.23)
0 0
To establish this result, we need the below hypotheses:

(H1) The mapping ¢ : [0,b] x C' x F satisfied Caratheodary conditions, i.e., ¢(v, .,.)

is continuous for all v € I and ¢(.,z,y) is measurable, for each (z,y) € C' x F.

(H2) There is mg € C([0,0],R) and the mapping €, from , R* into R then

I o(v, 2, 9) |I< me(0)Q(ll 2 llo + [y (), Vv € I and (z,y) € C X F.

(H3) The mapping h : Rt x Rt x C — F' is continuous and my, : [0, — [0, 00)

for some continuous function m; we have
| h(v,s,2) [|[<mp(s)Q(]] 2 ||c), Ve e C,0 < s <wv<b,

where Q, : R™ — R* is the increasing function.

(H4) There exists the functions py, ps € L*([0, 0], R") such that

(p(v,Q1,Q2)) < pr(V)Y(Q)+p2(v)Y(22) for some bounded subsets 2y, Qs C F.

(H5) There is a constant k € [0,1) for any x1,z2 € C' we have

| Fv,21) = F(v,z2) |[p< k|| 21 — 22 || for v>0.
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(H6) For k; > 0 and there is a k; € L*([0,b]; R) then

Oékl

ki

b
sup || F(v,z) ||< ag, (v) and liminfkl_m/ =0 <o0,Yv € I
0

lzllc<K:

Q
(H7) o + M, liminf, T s)ds < 1.

Now we define the following operators as follows:

(82)(v) = Ra(v) | D(0,5(0) + g(2)(0))

- /v Ri(v— s)¢(s, 2, /S h(s,T, zT)d7'> ds.
0 0

Then z is a mild solution of and if and only if z is a fixed point of K + S.

Clearly, the linear operator K is continuous on C([0, b}, F') into itself.

+ F(v, zy)

Lemma 3.3.3. [21] The linear operator S is a strict contraction.

Proof. Let z,y € C(]0,b], F) and v € [0,b], we have

I (Sz)(v) = (Sy)(v) [I<]] F(o,20) = Fo,90) [S k| 2o —wo = E [z =yl

Then
| S =Sy |<k|z—yl.

This implies that S is a contraction. O

Lemma 3.3.4. [2]] There is v > 0, such that z = Sz + Kw,w € B, implies that
z € B,. Where B, ={z¢€ C([0,b], F) || 2z ||< r}.

Proof. We prove this by the contradiction method. Suppose r > 0 and z € C(]0, b], F)
and w € B,, then z = Sz + Kw and z ¢ B,. Then for any v € [0, b], we have

1 (S2)(v) + (Kw)(v) || =Il F(v, 20) + Ra(v) [D(0,0(0) + g(2)(0))] |l

+ ||/ Ri(v—s) (s zs,/ h(S,T,ZT)dT>dS |
0

<|| F(v, ) [| +Ma || D(0,(0) + g(2)(0)) ||

+mlmwmhmul%mmmaw+w
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b
r <[ 2 [le< Ma || D(0,(0) + g(2)(0)) || +-(v) + Ma/o me(s)82r)ds.

Dividing r on both sides, we have

1<

2 0,000 + (0 | +22 + 220(r) [ (o).

This implies that,

0 b
1 <o+ M,liminf (r) / mg(s)ds,
r—0o0 T 0

which contradicts (H7), hence z € B,,. O

Lemma 3.3.5. [21] Let M be a bounded subset of C([0,b], F') with 1o (M) > 0, there

s an integer n, such that

Voo (ﬁ”»“) (K, S, M)) < 1o (M).
Proof. For M C C([0,b], F') is bounded and v, > 0, we have

FONK, S, M)(v) = {2(v), 2 € FLOK, S, M)}
C {2(v) = 82(v), 2 € FMO(K, S, M)}
+{Sz(v),z € FLO(K, S, M)}.

By using properties of Hausdorff measure of noncompactness

¥ <f<1»°> (K, S, M)(v)> < Y(K(M)(v)) + kv (f WO, s M )(v)) (3.24)

o (FOOUCSI00)) £ KON,

Let || z [|=sup_, ., 2(v) and [ h(v, 7, z-)dr € M be integrable. There is a function
C(v) € L*([0,0],R), then bringing Theorem [3.3.2] we have

v

BICOM)(0)) < 2M, [ Clshilz(s))ds < 2Mupm(M) / O(s)ds.

0

Taking into account the density of C([0,0],R) in L;([0,b], R). For any § < ﬁ , there
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is a function p € C(]0, b}, R) with fob | C(s) — p(s) | ds < §. Equivalently

BIC(M)(0)) < 2Mthoo(M [/ | C(s) — pu(s) | ds + / IM(S)IdS]

< 2M oo (M)[0 + T0],

where 7 = supg<,<;, | h(s) |. Hence, Y(K(M)(v)) < (2Myd + 2M,7(v)) b (M).
Using Equation3.27] we have

P(K(M)(v)) < (o + fo)ve(M), (3.25)

where o = ZM“ and = 2M“T

Furthermore,

_|_

FEO(KC, 8, M) C {Kw(v),w € E<F(1’O) (K,S8,M)u {0}> }
{

Sz(v),z € FEO(K,S, M)}.

This implies that

o(Fe00.5,00) 0 10)) < v (K (F00 80U ) ) )0)
+ k) (]—“(2’0) (K,S, M)) .

w(}"@’O)(lC,S,M)U{O}) < ﬁw (K(w(f@»‘])(ic,S,M) u{0}>)(v)>. (3.26)

Using Lemma , there is sup_, . ,.qw fo v, T, z;)dT € F and
w(v) C E(}"(LO) (K,S, M) U {O}), which implies that

o(xe (7000500 01))) <o [ Fato =905, [ s,z ) )

v

<2, [ oo 705,00 U (0}))(9) s

<2M, | C(s)y <.7-"(1’°) (K,S, M)(s)) ds.
(3.27)
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Using3.25| and [3.27] in [3.26] we have

o(F00c. 53000 ) < 32 [1006) = o) 141 466) e+ 85} (01)ds
_2( { + Bv) / | C(s) |ds+7'(cw—|—ﬂ ) Voo (M)
< | ik }%( )

Thus

oo (M).

¢<F(2’°)(IC,S, M)(v)) < {a + 20 + BY }

Using induction,

1/1(.7—"(”’0)(IC,S,M)(U)> < [a + Cra" 1 pu + C2a" 2(520')2 + ..+ (BU) ]woo( ).
Accordingly,
Voo (ﬂ"“(/c,s, M)) < {oz +Cha" " Bb+ Cra™” 2(52[’,)2 +.+ (ﬁfgn}%w).

Since 0 < a < 1 and b > 0, then from Lemma ?? there is ng € N, and we have

b 2 b)"o
Sno N [ano + Ciboanoilﬁb + Czboan072 (62|) + + (Bn >' :| < 17

then
Voo (ﬂ"ﬂ) (K,S, M)) < Yoo (M).

]

Lemma 3.3.6. [21] Let M be a bounded subset of C([0,b], F). If (M) is equicontin-
uous, then FO(KC, S, M) is also equicontinuous for n > 0.

Proof. Let z € F(K,8, M) and v € M, which implies z = Sz 4+ Kw. For v,v; € [0, 0]
such that

I 2(v) = z(v1) || <|| S2(v) = Sz(0) || + || Kw(v) = Kw(v) ||
= (Bi(v) = Bi(00))[P(0, (0) + g(2)(0)] [
+ 1 Fv,20) = Flor, 20) ||
+ (v = v+ [ 2(0) = z(01) [[p)+ | Kw(v) = Kw(or) |[r .
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Consequently
| 2(v) = z(w1) ||
< L( | Kw(v) —Kw(v) [ + [| (Ri(v) = Ba(v1))[D(0, 0(0) + 9(2)(0))] HF)
— 1 . k )
+ T k|v — vq].

Hence, || z(v) — z(v1) ||[p— 0 as v — vy and F(K,S, M) is equicontinuous. By Lemma
, FAO(KC, S, M) = co(F(K,S, M) U {0}) is equicontinuous. Using induction,
FrO(KC, S, M) is equicontinuous ¥n > 1. Now in this position, we give the existence

result for this work. O

Theorem 3.3.3. 21l Suppose that (H1) — (H7) hold. Then Equations and

have at least one mild solution for [—r,b].
Proof. For C' C B, is a countable set, then C' = F"0 (K S, C). By Lemma m ,
Voo (C’) =0= IC(C') 1s compact.

By Lemma , Fnowo)(]C S O is equicontinuous and by Lemma ?7?

Yo(C) = ¥s(C) = 0,

which implies that C is relatively compact. From Theorem 7?7 and Lemmas and
, we have § + K, which have a fixed point in B,. Hence systems and

have mild solutions for [—r, b]. O

3.3.2 Example

[21] Consider the following neutral partial integrodifferential equation of the form

g2t = 1) = (st =)+ [ Ol - 1)

+H<t, 2(y,t —r), /Ot k(t,s,w(z,y — r))ds)

foryel0,n], tel=][0b], 2(0,t) =z2(mt)=0, t>0,

(3.28)

20(y) = »(t,y) +/0 m(s)log(1 +[z(s)(y)|)ds; t € [-r 0],y € [0,7],
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where ¢ is continuous.
Let h(v,s,zs) = k(t, s,w(z,y —r)),0 <y < 7 and D(t,2) = p(s, z(y,t —r)). Take
F = L?[0,7] and define A: F — F as Aw = w’ with domain

D(A) ={w € F : W is absolutely continuous w' € F,w(y) = w(0) = 0}.

It is clear that A is an infinitesimal generator of semigroup T(t) defined by T'(t)w(s) =
w(t + s), for each w € F. Thus, [T(t)];>o is not compact in F and g(T'(t)D) < (D)
where (3 is the Hausdorff measure of noncompactness and sup,.; || 7'(¢) || < 1.

Next, to assume the following, ¢ : C([0,b]; F) — F' is a continuous function defined
by g(z fo s)log(1 + z(s)(y))ds, z € C([0,b]; F). Moreover, for any v > 0 and
(VRS F , We have

I H () () le<b(t) [y | and | %H(v)y le< o) [yl -

We could see that the above system admits a resolvent operator. Further, the functions

H and k satisfy all our assumptions. Finally, the above said partial differential system

has a mild solution of [—r, b].



Conclusion

In this work, we present the Monch-Krasnoselski fixed point theorem in Banach spaces
and some applications of this theorem to prove the existence of solutions to nonlinear
problems. We also give examples to illustrate the obtained results. On the other
hand, we use the technique of noncompactness measures which is an important tool
in nonlinear analysis especially in theory of condensing operators. We can extended

those results for another nonlinear problems in more general locally convex spaces.
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