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Abstract

In this memory,we will focus on the study of Hermite Hadamard type integral in-
equalities and some applications for some special means, also we quote Fractional
integrals identities.

Keywords: Hadamard fractional integrals. Hadamard-type fractional integral, con-

vex function, Hermite-Hadamard inequality.



Introduction

The theory of inequalities has emerged as an interesting area to explore in recent
years. It also constitutes an important subject of research where several mathe-
matical situations call for these inequalities. However, integral inequalities have
experienced significant development, and new techniques or even new methods have
emerged, contributing to solving numerous important problems in the theory of ap-
proximation and numerical analysis, where error estimation is required. Moreover,
the importance of these integral inequalities largely arises in probability theory, real
analysis, complex analysis, numerical analysis.... One very interesting inequality
that is widely studied in the literature is due to Hermite and Hadamard, who dis-
covered it independently (discovered by Charles Hermite in 1883 and proved by
Jacques Hadamard in 1893). It is now known as the Hermite-Hadamard inequality,
which can be considered the first fundamental result for convex functions with a
natural geometric interpretation and many applications. It provides an estimate of
the average value of a convex function over a bounded interval. This famous result

is interpreted as follows:

f<a+b> <! /abf<x>dx§ fla) +7(6)

2 “b—a 2
In recent years, many researchers have paid much attention to convexity theory
due to its great utility in various fields of pure and applied sciences. The theory of
convex functions and inequalities are closely related. The concept of convex func-
tions has indeed found an important place in abundant literature developed on this

subject, and for more details, one can consult Mitrinovi¢, Pecari¢, and Fink .



CONTENTS

Many mathematicians have devoted their efforts to generalizing and refining this
inequality and extending it to different classes of functions.

The object of this work is to present Hadamard and Hadamard type integrals
and inequality of Hermite Hadamard .
The brief consist of four chapters divided as follows: In the first chapter are
defined some function spaces and some special function,Then we report fractional
integrals of Reiman Liouville ,Hadamard and Hadamard-Type,and some inequalities
of Holder,Young...

The second chapter affected Inequalities of Hermite Hadamard type for convex
functuion with apllication .

The third chapter is devoted on Fractional integrals identities and Hadamard-
type fractional integration in the space X?.

The last chapter affected Hermite Hadamard inequalities involving Hadamard
Fractionals integrals and some application to some special means.

We conclude this modest work by a general conclusion and an interesting bibli-

ography.




Notations

We note

N: Set of natural integres.

R: Set of real numbers.

||-||co: Infinity norm.

||-llz: Norm of the Banach space E.

L,: The lebesgue Space of p-integrable function’s over [a, b].

X, The weighted space.

RLY: Left-sided fractional integral in the sense of Rieman Liouville.
HY: Left-sided fractional integral in the sense of Hadamard.

MH: Left-sided fractional integral in the sense of Hadamard type.



Chapter 1

Preliminaries

1.1 Some Function Spaces

Let [a,b](—00 < a < b < 00) be a finite or infinite interval in R,

1.1.1 The L, spaces
Definition 1.1.1. [2] Let p € R, 1 < p < 00; we denote the Lebesgue space by:

L,([a,b]) = {f :la,0] = C, f measurable and|| f||, < oo}

whose norm is defined by:

) ;
Nl ap)) = (/a If(t)lpdt) 1 <p< oo,

| fll Lo (at)) = €55 sup |f(2)].
t€la,b]

Theorem 1 The space (Lp)([a,b], ||.||,) is a Banach space.

1.1.2 The L? Spaces

Definition 1.1.2. [I] Let p € R be with 1 < p < oco,¢ € R, we denote by

LP[a,b].The weighted Lebesgue space consisting of those real valued Lebesgue mea-

9



surable function f : [a,b] — R with || f||,» < oo, where

B =

b
1Nl 22 o)) = (/ |€th(t)’pdt> ,1<p<oo,ceR,

o ([ab]) = €55 sup e f(t)],c € R.

t€[a,b]

Theorem 2 The (L?) Spaces is a Banach space.

1.1.3 The X? Spaces

Definition 1.1.3. [I] Let p € R with 1 < p < 00,¢ € R, we denote by X?([a, b])

the weighted space with the power weight and consist of those Lebesgue measurable

functions f on [a, b] with || f||xr < oo, where

1
b . NUAN
2(lab) = /\tf(t)|7 1<p<oo,ceR,

o ([a,b]) = €58 sup [t°f(t)],c € R.

€la,b]

In particular,for ¢ = 0, we denote X{([a, b]) = X*([a, b]) and the norm is defined as:

P

b d
[ f e oy = (/ \f(t)l”tt) ,(1<p<oo)

I ll xo0 (fa,)) = €ss sup | f(t)].
t€la,b]

pas) <Ifllxras) ZIfllze(ap, 1 <p<o00,e<0
Thus

LP(a,b) C XP(a,b) C XP(a,b),1 <p<oo,c<0.
If c = ]1), XP?([a, b]) consides with Ly(]a,b]).

Theorem 3 The space (X2, ||.||x») is a Banach space.

10



chapitre 1

1.2 Some fondamental inequalities

1.2.1  Young’s Inequality

1 1

Theorem 4 [5][10] Let p,q > 0 and — + — = 1, then for all complex numbers x
p q

and y,

el |yl
zy| < 1.1
foy) < (1)

q

1.2.2 Arthimitic Mean-Geometric Mean Inequality

Theorem 5 [/6] Let p,q >0 and p+ q =1, then for all z,y > 0,
px + qy > 2Pyt (1.2)

1.2.3 Holder’s Inequality

1 1

Theorem 6 [J/[10] Let p > 1 and — + — = 1.If f and g are real functions defined
p q

on la,b] and if |f|F,|g|? are integrable functions on [a,b] ,q > 1 then

e ()

1.2.4 Power mean inequality

Theorem 7 [1//[10] Let ¢ > 1 .If f and g are real function defined on |a,b] and if
If],1f|lg|* are integrable functions on [a,b] then

[ 1@t < ([ !f(x)!d:v>1; (f |f(:c)Hg(x)\qu>;. 13)

1.2.5 Minkowsky’s inequality

b b
Theorem 8 / ][fpzland/ |f|p<oo,/ lg|P < oo, then

([ 1760+ st |pdx) ([ irtaras) +(/ab|g<ac>|pcu~)’i

11




chapitre 1

1.2.6 Jensen’s inequality

Theorem 9 [10]/[10] Jensen’s inequality states that if ¢ : [0,00[— R is convez then

o (f ran) < [ols(s)an(s) (14

for all probability measures p and all non-negative, p-integrablle functions f .If ¢

is concave the inequality (1.4) is reversed .

1.3 Convex Function
Definition 1.3.1. [9] Let f: I C R — R is said to be covex if:

fltz + (1 =t)y) <tf(z)+ (1 —1)f(y), (1.5)
for all z,y € I and t € [0, 1]

The function f is said concave if (1.5)is reversed.

Example 1.1. The function f(x) = e” is a convex function on R . The function

f(z) = 2% is a convex function on R

Proposition 1.3.1. 1. A function f is convex on I — R if and only if f'(t) is

increasing.
2. If f,g: I — R are two convex functions then f + g is also convex .

3. If f, g are two convex functions on |a,b| then (f o g) is not necessarily convex.

Anecessary condition is that fis increasing.

1.4 Fubini’s Theorem

Theorem 10 /7] Let u and v be o-finite outer measures on X and Y respectively.

(a) For any non-negative p X v-mesurable function f.

z+— f(z,y)is p — mesurable forv — a.e.y, and

12



chapitre 1

y = / f(z,y)du(x)is v — measurable.
X

More over,
[, fendux ey = [ ([ f@pdu@) v,

(b) (a) holds for f € L'(p,v).
Lemma 1.4.1. [I]] For 0 < o <1 and 0 < a < b,we have
0" 17| < (a— by
Lemma 1.4.2. ([11]) For all \,v,x > 0 ,then for any t > 0,we have

t A
tl_”/ (t —s)" 's} e ™ ds < max {1, 21_”} I'(\) (1 + > K
0 v

1.5 Some Concepts on Fractional Calculus

1.5.1 Gamma function

Definition 1.5.1. [3] For every z € C, Re(z) > 0 The Gamma function is defined

as follows:

['(z) = /OO t*Lexp~tdt, Re(z) > 0.
0

Proposition 1.5.1. [3] The Gamma function generalizes the factorial function, as

mentioned. we have
1. T'(n+1) = / t"exp tdt =n!,n €N,
0
2. I'(z+1) = 2I'(2), for z > 0,

3. T(z4+n)=2(24+1)(z+2)...(z+n—1)I'(2),z>0.

13



chapitre 1

1.5.2 Betta function
Definition 1.5.2. [3] The Betta function defined by:
B(a,b) = /01 HoD (1 — )1 0> 0.b > 0.
Proposition 1.5.2. [3]
1. B(a,b) = (b, a),
2. af(a,b+1) = B(a+ 1,b),

3. T'(a)'(b) = T'(a + b)B(a,b),Ya,b,a > 0,b > 0.

1.5.3 Incomplete Gamma function

Definition 1.5.3. [!] The Incomplete Gamma function definded for v > 0 and
x>0 by:
(v, ) :/ t e L.
0

1.5.4 Riemann-Liouville fractional integrals

Definition 1.5.4. [5][0] Riemann-Liouville fractional integrals of order o > 0 for a

continuous function f : [a,b] — R are defined by:

(BP0 = g [ (€= 9 ()ds0 <a <,
(B )0 = s [ (5= 07 (5)ds0 < 0 <
(B2,1)(0) = £t

Proposition 1.5.3. [5][0] Let f : [a,b] — R be a continuous function

Then,for every ., 3,we have:

(R RN = (RaE (1),
and

(Re, RiF)(8) = (Ray R (D)

is called semi-group property.

14
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1.5.5 Hadamard fractional integrals

Definition 1.5.5. [5][0] Hadamard fractional integrals of order 0 < «, for a contin-

uous function f : [a,b] — R are defined by:

HED)0 = e [ (D) s T 0 <<t
(HN0 = s [ (03) 10T 0 <t
(H,)(t) = 1), (HY_£)() = £(0).

Exemples 1.2. 1. For f(t) =t and o = 1, we have

(Hoof /ds—s

b
:/ d3:s
t t

2. For f(t) =t* and a = 2 ,we have

=t—a.

=b—t.

(H2.f / lansds

:/ s(Int —In s)ds,
o t
zlnt/ sds—/ sln sds,

:[l+[27
where
I lt/td 1(t21t *Int)
=In = — nt—a‘lnt).
1 ass 5 a
t
]2:—/ sIn sds.

Integrating by parts the term Iy, we have
t

1 ot
[2:—2521n$a—|—2/asd3
1/1 1
:<t2—a2—t21nt—|—a2lna>
2\2 2
171 1
L+ = Q{Qt —2a2—|—(lna—1nt)]
11 1
= <t (Ina —Int — )a2>
~2\2 2

15



chapitre 1

3. For f(t) =t"" a=1

t 1 ! 1
Ha t) = / g = n+l| _ _ — tn+1 . n+l
(Hef)(0) = [ s = S| = e -
g = [ s = el < gy
b= ¢ n+1 ., n+l '

Proposition 1.5.4. [5] Let f be a continous function.Then,for every «, 3 > 0 we

have:

(He Hy, f) () = HiP £(8), (1.6)

is called semi-group property.

Proof 1 We have

g2 D) = s [ (5 e

(1.7)
/:f<u>(/; ()~ (m ) () L)

_ P(a)lr(m/:f(u) <ln <i)a+/3—1/01(1_p)a 1 68— 1dp> Ciu

a, t a+8-1 U
- F?o(z)F(ﬁﬁ)) f (D Ay

- (a1+5) /atl“ (i)aw 1f(“)ciu
= (H3" ().

16
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1.5.6 The operator A

Definition 1.5.6. [!] In order to establish the connection between Riemann—Liouville
fractional integral and Hadamard fractional integral, we have to introduce an ele-
mentary operator. For a real-valued function f(t) defined almost everywhere on R*,

the operator A is defined as follows:

(Af)(E) = f(e).

Then for a function g defined almost everywhere [a, b], its inverse A~* has the form

(A™'g)(t) = g(in1).

Using these two operators, we establish the connection between Hadamard frac-
tional integral and Riemann-Liouville fractional integral, which can be shown by

the relation:
(HZ f)(t) = (AR, ,AN)(). (1.8)
Proof 2 We also
(Af)(t) = f(e),
we prove that
(Hg )(t) = (AR A(®),

we have

(AT'RE,  AS)(8) = (Ry, 0. AS)(Int),

— e ot = s A s
- F(la) /iﬂnt —5)" 7 f(e")ds. (1.9)

. u
we use a change of variable : Let u = e® where s = Inu and ds = — ,we have
u

(RS, Af)(Int) = F(la)/at(lnt—lnu)o‘_l“]?du,
1t N f(u)
_F(Oz)/a (lnu) u a,
= (H2.f) (1), (1.10)

17
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1.5.7 Hadamard-type fractional integrals

Definition 1.5.7. [7][!] The Hadamard-type fractional integrals with order (a €
Cwith Re(a) > 0) and parameter o € C of a given function f are defined as

CHENG = 1 (t> (lnz) US

b . ol (1.11)
CHE D0 = 5 (t) (mj) )4,

where t € (a,b) and a > b in R.

Remark 11 If yu = o,we obtain

CH () = (H (1)

Proposition 1.5.5. [/] Let « > 0,8 > 0,1 <p<00,0<a<b<ooandlet R
and ¢ € R be such that 1 > ¢. Then for f € XP(a,b) the semi group property holds

(“Hg HL F)() = (“HEE (). (1.12)

Proof 3 Firt we prove (1.12) for functions f .Applying Fubini’s theorem we find
o a—1
1 t t
(“Hg HE, f)(t) = F(Oé)/a (?) (m u)

1 w(s\" u - ds| du

X {F(ﬁ)/ (u) (m S) f&=| = (1.13)
tH t t t ot B_ld

= F(a)F(ﬂ)/a s“_lf(s)ds/s (ln u) (ln z) ;u

The inner integral is evaluated by the change of variable T =1n(u/s) /1In(t/s):

a—1 B—-1 a+pB-1
t t u du t C(a)T(P)
J (lnu) (lns) W (ms) Ta+6)

Substituting this relation into (1.13), we have

m a+p-1
R B 1 tfu t du
("HX HY () = W/a (t) (hl u) "

= ("Hy " )(1).

18
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1.5.8 The multiplication Operator M

Definition 1.5.8. [7] In order to establish the connection between Hadamard frac-
tional integrals and Hadamard-type fractional , we have to introduce an elementary
operator. For a real-valued functions f, ¢ defined almost everywhere on R, the

operator M is defined as follows:

(M f)(t) = f(t)g(2).

and
(My f)(E) =t f(2).
Using these operator,we establish the connection between Hatamard-type fractional

integral and Hadamard fractional integral,wich can be shown by the relation:

(HHc?Jrf) (t> = (Mtle(?Jth“f) (t)

So Hadamard-type fractional calculus is the conjugation of Hadamard fractional

calculus with multiplication by t/:
(“Hg f)(t) = (7" H 1" f)(1)

Proof 4 We have

—p T g _—H 1 ! t Mf(s)
(R HE 1) (t) = ¢ F(a)/ (ms) NEASIPR

1.6 Special means

Definition 1.6.1. [11] Let’s consider the following special means for arbitrary real

numbers a, b, a # b as follows :

19
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. The arithmitic mean :

A(a,b) = a;_b,a,b eR,.

. The geometric mean:

G(a,b) = Vab,a,b € R,.

. The harmonic mean:

2
H(a,b) = 1 +l,a,b€ R —{0}.
a b
. The logarithmic mean:
b—a
L(a,b) = — ., a,be R,.
(aa ) lnb—lna’a’ € +
. The generalized logarithmic mean:
pptl _ gt r
Ly(a,b) = |—————| ,p# —1,0,a,0>0.
00 = [ )|

Lemma 1.6.1 Fora,b e R, a+# b, we have:
H(a,b) < Gla,b) < A(a,b)
Proof 5 We start with the left side, using
<1+1)2_ 1 n 1 N 2
a b) a® b ab

and

4
1, 1)? < ab,
(:+1%)
2
7 < Vab,
o th
=H(a,b) < Vab. (1.14)

we move to the right side, using:

(a+0b)* = a® +b* + 2ab

20
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, and

(1.15)

From(1.14)and(1.15),we have
a+b

T Eves
(1.16)

21




Chapter 2

Inequalities of Hermite-Hadamard

type for convex function with

applications

2.1 Classical Hermite Hadamard inequality(H-

H)
Theorem 12 [/1] If f : [a,b] — R is a convex function on the interval I , we have
a+b 1 f(a)+ f(b)
< tydt < ————~, 2.1
H(50) < ot [ rwaes 1O 1)
Proof 6 Set f is a convez function on [a,b], then we have :
a+b 9+é+£_,
2 2
1
1
<-fla+b—1t)+ f() (2.2)

l\D

22



2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Sett = sa+ (1 —s)b, for s €|0,1], we obtain

fla+b—=1)+ f(t)

fla+b—sa+ (1—s5)b)+ f(sa+ (1 —s)b)
f((L=s)a+ sb)+ f(sa+ (1 — s)b)
<f(a)+ f(b). (2.3)

IN

From (2.2) and (2.3) we have

fla) + f(b)
5

F(57) < a5 <

From the convexity of the function f,we have

Flsa+(1—s)b) < sf(a) + (1— s)f(b).

Integre inequality on [0, 1], we obtain

1

/01 f(sa+ (1 —s)b)ds < f(a) /01 sds + f(b)/o (1 —s)ds, (2.4)

1 1 1
/ sds:/ (1—s)ds = .
0 0 2

By change of variable t = sa + (1 — s)b, we have

1 f(sa+ (1 —s)b)ds = i bf(t)dt.
0 b—ala

since

for (2.4), we obtain the right inequality of (2.1) , from the convezity of the function

f, we have also

S (sa (1= 5)b) + f(1 = s)a+ sb)] 2

a-+b

integre inequality on [0, 1], we obtain the left inequality of (2.1)

2

sa—i—(l—s)b—i—(l—s)a—i—sb]

f (“;b> < ; [/Olf(sa+(1 —s)b)ds+/01f((1 —s)a+sb)ds]
1

b
= t)dt.
— [ 1
So the double inequality (2.1) is verified.

23



2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

2.2 Hermite-Hadamard type inqualities for con-

vex functions

Lemma 2.2.1 [15] Let a,b € I CR witha <b and f: I — R be differentiable. If
f' € L'(a,b), then

f()

b —a [1 ,
/ () / (1—25)f (sa+ (1 — s)b)ds.
b—ua 0
1
Proof 7 Set I = / (1 —2s)f'(sa+ (1 —s)b)ds ,interating by parts, we get
0

I = /01(1 26 f'(sa+ (1 — s)b)ds
_ flsa+ (1 s)b)
a—2b

SRLLSIUN bfa/fﬂwdt.

1 f(sa+ (1—s)b)

d
a—>b 5

(1—2s) +2

Theorem 13 [13] Let a,b € I CR witha <b and f : I — R be differentiable and

|f'| is convex on [a,b]. Then

IS U E

(b —a)(|f"(a)] + [1'(b)]
8

(2.5)

Proof 8 From Lemma 2.2.1 and the convezity of | f'| on [a,b], we obtain

0

’f(a);f(b) _ bia /abf(t)dt’ — ‘b;a /1(1 —2s)f'(sa(1 — s)b)ds

"(sa+ (1 — s)b)|ds

<250 [ 2l bl @]+ - )l o)l ds
BB Py,

- 2 0

_ b= a(f @I+ 7))

— 8 )

where has it been used

1 1 1 1 1
/ 11— 2s|(1 —s)ds :/ |1 — 2s|sds = /2 11 —25|3ds+/ 125 — 1|sds = -.
0 0 0 i 1
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2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Theorem 14 [19] Let a,b € I CR with a < b and f : I — R be differentiable and
p>1, If|f|7T is convex on [a,b], Then

\fmwﬂ+uwwﬂ]5
. |

b—a
2(p+1)r

<

HOLIO L [ st

Proof 9 From Lemma?2.2.1 and Holder’s Inequality,we have

JOLIO L [ e <P [ 2l a0 s

< b;“ (/01|1—2sypds)’l’ (/01 ]f’(sa—l—(l—s)b)|qu>;,

(2.8)
and >+ =1
From the convexity of | f'|?, we have
/01 |[f'(sa+ (1= s)b)|*ds < /01 [s[f"(a)|* + (1 = s)[f/(b)|") ds
_ (@) ;r If’(b)|q7 (g = pfl) (2.9)

on the other hand,we have

1 i 1 i 1
/ |1—23\P=/2(1—23)Pds+ (23—1)%:2/2(1—25)%:7. (2.10)
0 0 1 0 p+1

A combination of (2.8) and (2.10) immediality gives the required inequality (2.7).
The proof is complete.

Theorem 15 [19] Let a,b € I CR witha < b and f : I — R be differentiable and

|f'|? is convex on [a,b]. Then

! ) bia/abf(t)dt‘ < 5 (2.11)

Proof 10 From Lemma2.2.1
’f(a) +f) 1
2

‘f(a) + 0 b—a llf’(a>|q + |f’(b)|"] d

b—a
2

b /ab )| < /01 1= 26|/ (sa + (1 — s)b)|ds, (2.12)
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2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

and by the power-mean inequalities

1

/01 11— 2s||f'(sa+ (1 —s)b)|ds < (/01 11— 23]d3>1_; (/01 11— 2s||f"(sa+ (1 — s)b)|qd8>q

Since |f'|? is convex,we have

=261 sa (1= s)p)ltds < [ 1= 28l @)1 + (1= 8)1 ()]s

@+ 1)
AU

1 1
Since / |1 —2s|ds = 5 1we have from (2.12) and the displayed inequality following
0

it that
cboa (1)1é (If’(a)l" + |f’<b>|q>3
2 2 4

fla)+ /() 1 /b

— t)dt
’ 2 b—a a f( )

Lemma 2.2.2 [17] Let a,b € T with a > b and f : 1 C R — R be differentiable ,If

/'€ L(a,b) ,then

f<a;b> _bia/abf(t)dt

:b;a [/Olsf’ (sa;—bjt(l—s)a)ds+/01(s—1)f’<3b+(1—s)a—2i_b>ds].
(2.13)

Proof 11 Integrating by parts ,we have

/Sf ( a+b+(1_s)a>dszb2 8f<sa—2kb+(1_ )>

1

_bfa/f<5a+b (1=5) )

2 a+b 2 a+b
—b—af< 5 ) b—a ( 1—s)a)ds.

a+b+(1—s)a:>dt (b—a)

ds then

By change of variables we obtain t = s
1 b
/ sf! (sa; +(1— 3)@) ds
0

“wa (5) s [ o

26




2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Set

a+b

2 a+0b 4 PR
et () e L o
Similarly

/Ol(s—l)f’ (sb+(1—s)a;b) ds = bfaf (a;b> - (bfa)2 a;f(t),

set
2 a+b 4 b

I, = —

then
4 a+b 4 b

L+ 1, = —

1k b—af< 2 ) (b—a)2/a f(tydt,
hence

b—a b—a 4 a+b 4 b
lh B = 2 [b_af( : )—(b_a)z/af@)dt]

:f<“;b>_biaLWﬁMt

Theorem 16 [/7] Let a,b € I C R with a <b and f : I — R is differentiable and

|f'|9 is convex on [a,b]. Then

a+b 1 b b—a |f/(a)|q_|_|f/(b)|q %
_ < | |
‘f < 2 > b— a/a f(t>dt - 4 [ 2 (2 ].4)
Proof 12 Our starting point is the identity
a+b 1 b 1 b ,
f( 2 ) — o [ fwat = — ["swr . (2.15)
where
t—a, t m“;b,
S(t) =
t—b, te L_'_b7 bl

An argument parallel to that of 2.11 but with (2.15)in place of Lemma 2.2.1 gives
the desired result.
We now derive comparable results to (2.11) and (2.14)with a concavity property

instead of convexity.

27



2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Theorem 17 [15] Let a,b € I C R with a < b and f : I — R is differentiable and
|f'|%(q > 1) is concave on [a,b]. Then

f(a);f(b)—bia[lbf(t)dt gb;af’<a;b), (2.16)
and
a+b 1 b b—al|, [a+Db
‘f( ) - el <0 (% )\ (217

Proof 13 First, note that
[f' (At + (L= N)2) " = Af(O)] + (1 = N[ f'(2)]
=A@+ (1= NI ()N
by the convezity of|f'|? and the power-mean inequality. Hence,
S+ (1 =X)z) = ALf(O]+ (1 = N[ (2)],

so |f'] is also concave.

Accordingly by the Jensen integral inequality, we have

1 , 1 , (J311=25|(sa + (1= 5)b)ds
fy = 2elf e (= s < f ’1‘23‘d5)f< Ji 1= 2s]ds )
1

?

1) ,a+b
=3/ 3 ‘
By (2.12) we have (2.16). Similarly using (2.15) we can prove (2.17).

2.2.1 Applications to special means

Proposition 2.2.1. [13] Let a,b € R,a < b and n € N,n > 2.Then

n(b—a)
4

JA(a",b") = Lo(a,b)"] < Alal™, Jbl™1). (2.18)

Proof 14 Using Theorem (2.5) with f(t) =t",t € [a,b], we obtain

a” 4+ b" 1 /b t"dt‘ _ a™ + b" B prtl — gntl
2 b—ala 2 (n+1)(b—a)
(b—a)(nfa[""" +nfp|")
- 8
_nlb—a) [ bt
- 4 2
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2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Proposition 2.2.2. [I13] Let a,b € R,a < b and n € N;n > 2 .Then for all p > 1

(p=1)
A@H) = Lo(a,b)] < n<(b_>) Al ) T @)
2p+1)»
Proof 15 Using (2.7) with f(t) =t",t € [a,b], we obtain
(n=Dp (n=Dp
- | (15 e )

2p + 1)7 2

a® + b B bn+1 _ an—l—l
2 (n+1)(b—a)

<

Proposition 2.2.3. [13] Let a,b € R,a < b and 0 ¢ [a,b]. Then

b—a)
4

A5 - 2 @b < C D a2 o). (2.20)

1
Proof 16 Using (2.5)with f(t) = ;,t € [a,b] we obtain

l—l—% 1 b1 a'+b' Inb—1Ina
Ty /fﬁ:
2 b—a a t

2 b—a
< (b—a)(51”+15%)
- 8
_ —2 —2
_b—a) a2+ ]
- 4 2

Proposition 2.2.4. [13] Let a,b € R;a < b and 0 ¢ [a,b] .Then for allp > 1

(p—1)

mmle—Ll@mg@_3lpoaﬁﬂww%ﬂp (2.21)

2(p+1)#
1
Proof 17 The proof is immediate from (2.7) with f(t) = %’t € [a,b].

Proposition 2.2.5. [I13] Let a,b € R,a < bandn € Z,n > 2 .Then for all ¢ > 1

n n n n|(b—a n— n— %
and
n n n|(b—a n— n— %
mmm)_mm@\s’“4ﬁA@w1Mw<Uﬂ . (2.23)
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2. INEQUALITIES OF HERMITE-HADAMARD TYPE FOR CONVEX FUNCTION WITH APPLICATIONS

Proof 18 Using (2.11) and (2.14) with f(t) =t",t € R,n € Z,n > 2 we obtain

Q=

a™ + pn bn+1 _ an+1
2 b—a

_ b—a [lnlla]""D7 + |n|[b|" D4
- 4 2

1
< [l = a) [lal® D0 4 o)
- 4 2

and

2 b—a

a4 b n bn+1 _ an+1
4 2

1
b= a) l\arw—m |b\<n-1>qr

Proposition 2.2.6. [13] Let a,b € R,a < b and 0 ¢ [a,b],n > 2 .Then for all ¢ > 1

|A(a™",b7Y) — LY (a,b) < (b ; Y A (lal ™, \by*%)ﬁ (2.24)

and

|A(a,b)™ = L7 (a,b)| < (b ; %) A (lal ™, ybr’zq)ﬁ (2.25)

1
Proof 19 The result follows from (2.11) and (2.14) with f(t) = 7
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Chapter 3

Some fractional integrals identities

3.1 Identities involving Hadamard fractional in-

tegrals

3.1.1 Properties of Hadamard fractional integrals

Lemma 3.1.1 [//] Let f : [a,b] — R be differentiable mapping on (a,b) with 0 <
a<b, If f € L'a,b], then the following equality for fractional integrals holds :

@O Tt D) e iy go o)

2 2(Inb —Ina)®
_ lnb;lna /1 [(1 B S)a _ Sa] 6slna+(1—8)lnbf/ (eslna—i-(l—s) lnb) ds
0
Inb -1 1
_ %/0 (1= ) = 5™ a"b' " f' (a*b'~*) dis. (3.1)

Proof 20 Denote
1
I :/ 1—g)¥ — 5@ 6lnb—s(lnb—lna) / elnb—s(lnb—lna) ds
(1= 5)7 = 57] ' ( )
- [1 -+ IQ, (32)
where
1
I :/ 1—g Oéelnbfs(lnbflna) / elnbfs(lnbflna) dS,
1=/ (=3 ( )

[2 - _ /1 Saelnbfs(lnbflna)f/ (elnbfs(lnbflna)) ds.
0
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Integrating by parts the term I with s over [0, 1], we have

1
I, = / 1 — g)® elnbfs(lnbflna) / elnbfs(lnbflna) ds
1= ) (=) f( )

f (eln b—s(Inb—In a)) 1

@ ! a—1 In b—s(In b—1
= (1 = _ / 1 — nb—s(lnb—Ina) d
( s) Ina—1Inb o mb—Inalo ( s) f(e ) §
: Inb—s(In b—In a) Inb—Inu
by change of variable u = e and s = ————— ,we have
Inb—1Ina

_ f(b) a a (lnu—1Ina\*" du
fl + L )

"~ Inb—Ina  (Ina—Inb Inb—Ina
_ f(b) Q b a—1 du
" Inb—Ina (lnb—lna)a“/a (Inw—Ina) f(u)?
f(b) B F(O./ + 1) He f(a) (33)

" Inb—Ina (Inb —Ina)o+t b
Similarly, we get I
IZ - /l Saelnb—s(lnb—lna)f/ (elnb—s(lnb—lna)) ds
0

Inb—s(lnb—Ina)y |1
f(@ ( )> o o /1 Saflf (elnbfs(lnbflna)) ds
0

:Sa

nb—Ina |, Inb—Ina
~In z;f(—ain a  (Inb —Olén a)o+! /ab (b~ lnu)™™ f(”)cfj
T bf (—ain a (1n£<fl: i))aﬂ Hor 10) (3.4)
Substiting (3.3) and (3.4) into (3.2), it follows that:
pAWHIO Tt D) e g4 pa) (3.5)

Inb—Ina  (Inb—1Ina)
— , Inb—1Ina . : :
Thus,by multiplying both sides by — (3.5), we deduce (3.1) immediately.

Remark 18 Lemma 3.1.1 is a result of the following Lemma:

Lemma 3.1.2 Let [ : [z,y] — R be a differentiable mapping on (x,y) with x < y.
If f" € L{z,y], then the following equality for fractional integrals holds

f@) + Jy) D@t D) pa oy pe pia)

2 2(y — x)

S Al 01[(1 )% — s (s + (1 — s)y)ds. (3.6)
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Proof 21 Take x =Ina,y = Inb and using the operator A,we obtain

Af(l Af(lnb r 1
f(na);r f(In )_Q(ID(ba_ﬁnl)a[ r o Af(Ind) + Ry, Af(lna)]

- lnb;m /01[(1 — )" =" JAf (slna+ (1= s)lnb)ds,

then

f(a)+ f(b) M(a+1) . X
> b —Tmaype D/ (O Hif ()]

_ Inb ; Ina /1[(1 . S)Q . Sa]eslna+(lfs)lnbf/(eslnaJr(lfs)lnb)ds.
0

Example 3.1. Let a = 1,b = e,a = 2, f(t) = t*.Then all the assumptions in

Lemma (3.1.1) are satisfied. Clearly,

Lt 1, 1,
— —e - =

2 2 2 ’

the left-sided term of (3.1)<=
the right-sided term of (3.1) <=

Lemma 3.1.3 [//] Let f : [a,b] — R be differentiable mapping on (a,b) with 0 <
a<b, If f € L'[a,b], then the following equality for fractional integrals holds :

(Int — lngb jl(rllr; b—Int)® [Hy f(a) + Hp, F(0)]

_ (hllt ; lnla)aﬂ /1 Saeslnt—f—(l—s) lnafl (eslnt—l—(l—s) lna) ds
no—1ina 0

['(a+1)
Inb—1Ina

(hlb —1In t)OH_I ! a, slnt+(1—s)Inb ¢/ (_slnt+(1—s)Inb
Inb—1Ina /0 5 f(e )ds

(h’lt B lna>a+1 ! ays, 1—s s, 1—s

= " Ina /Osta f’(ta )ds
Inb—Int)>t 1

_ (H 1 ) /0 Satsbl—Sf/ (tsbl—s> dS

Inb—1na

for any t € (a,b).
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Proof 22 Integrating by parts, we can state

1
/ Saesln t+(1—s)In afl (es Int+(1—s)In a) ds
0

af (eslnt-‘r(l—s)lna) 1 B o /1 so‘_lf (eslnt-i-(l—s) lna> ds
0

Int —Ina o, Int—Ina
Inu—1
by change of variables u = *™H=s)ne 4pd g — e ,we have
Int —Ina
f(t) « /t a—1 du
= — lnwu—1 o
Int—Ina (Int—Ina)**! Jo (lnw—Ina) f(u)u
t ['a+1 o
il @Y e fa), (3.7

" Int—Ina (Int —Ina)ott "t

and

/1 5% Int4+(1—s)In bf/ <eslnt+(1—s) lnb) ds
0
f (eslnt+(1—s)lnb) 1

:sa

o b oact Int+(1—s)Inb
o o sln s)Inby g
lnt—lnb/o s fle )ds

Int —1Inb 0
. Inb—s(lnb—Int) Inb—Inu
by change of variables u = e and s = ———— , we have
Inb—1Int
f(®) « /t _1 du
= — Inb—Inwu)* —
t—Inb  (mb— I Jy M0~ w7
f(t) [la+1)

" Int—Inb (Inb — Int)o+t HE T (0). (3.8)

Int —Ina)** Inb— Int)>*
Multiplying both sides of (3.7) and (3.8) by (In na) and (In nt) ,respectively,
Inb—1Ina Inb—1Ina

we have

(lnt —In a)aJrl ! a, slnt+(1—s)Ina ¢/ ( slnt+(1—s)lna
Inb—1Ina /086 f(e )ds
Int —Ina)*f(¢ MNa+1) .
Y ) 3.9)

Inb—1na " Inb—1Ina

and

(lIlb —In t)OH_l /1 o slnt+(1—s) lnbfl (eslnt+(175)lnb) ds
0

Inb—Ina 5 e
(Inb—Int)*f(t) T(a+1)
= — H . 1
Inb—1na +lnb—lna t+f(b) (3 0)

From (3.9) and (3.10), we obtain the desired result .
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Lemma 3.1.4 [/1] Let f : [a,b] — R be differentiable mapping on (a,b) with 0 <
a<b, If f € L'a,b], then the following equality for fractional integrals holds :

[a+1)
2(Inb — Ina)~
b—a 1

. a/o kf' (sa+ (1 — s)b)ds

_ Inb ; Ina /1[(1 . S)Q . Sa]eslnaJr(lfs)lnbf/ (eslna#»(lfs)lnb) ds
0

o)+ gl - ()

b 1
=— a/ kf' (sa+ (1—s)b)ds
0
Inb—1 1
_ w/ [(1—5)* — s%a*b' = f' (asbl_s) ds, (3.11)
2 0
where
1 0<s< 1
) >8> 2’
k=
1
—1, - <s<1
2

Proof 23 Denote

b—a [3 b—a [
I= /0f’(sa+(1—s)b)ds—TAf’(sa—l—(l—s)b)ds

2
Inb—1 1
. %‘/0 (1 _ S)aeslnaJr(lfs) lnbfl (eslna+(178)1nb) ds
Inb—1 1
+ %/{) SaeslnaJr(l*S) lnbf’ <€51na+(1*3)lnb> ds

=15+ 1o+ I3+ Iy,

where
b—a 3,
L = 5 f'(sa+ (1 —s)b)ds,
0

b—a 1
Iy = — > f'(sa+ (1 —s)b)ds,

lnb_lna ! —s(Ino—Ina no—s(ino—ina
Iy = — . /0(1_5)aelnb (Inb—1 )f/<elb (Inb—1 ))ds,
[4 _ Inb—Ina /1 Saelnb—s(lnb—lna)f/ <€lnb—s(lnb—lna)) ds.

2 0
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Integrating by parts, we have

1
L = b ; @[ f(sa+ (1 —s)b)ds
0
f(sa—i—(l—s)b)% 1 a+b
_ = Z | f(b) — A2
| 3 [f0-1(5)| (3.12)
and
h— 1
I=—— L Fsat (1 - s)b)ds
2
flsa+(1—=s)b)|" 1 a+b
_ I — 1
s =557 | (313)
_ Inb—Ina ! a, Inb—s(Inb—Ina) ¢/ { Inb—s(lnb—Ina)
Ig——#/o(l—s)e f(e )ds
femb-stnt=na)y ! 04/1 ~1 (_Inb—s(inb—Ina)
= (1 — s)¢ - 1 — g)« nb—s(lnb—Ina
(1—19) 5 i +5 ; (1—y9) (e )ds
. Inb—s(lnb—Ina) Inb—Inu
by change of variables u = e and s = ————, we have
Inb—1Ina
_f(b) o /a Inu—Ina\*" du
— Ty 2(lna—1Inb) o \Inb—1Ina J(w) u
f(b) a du

b a—1
2 * 2(lnb—lna)a/a (Inu =Ina)™ " f(v) u

(

and

[4 —_ Inb—Ina /1 Saelnbfs(ln bflna)f/ (elnbfs(lnbfln a)) ds
0

2
! 1
_’_g/ Sa—lf (elnb—s(lnb—lna)) ds
o 2Jo

Oéf(elnbfs(ln bflna))
a—1
:_f(a)+ oY /ab (lnb—lnu) f(u)dl

2
2 2(Ina — Inb) Inb—1Ina u
B f(a) o b o du
T2 * 2(1nb—lna)0‘/a (Inb—Inu) lf(“)ﬂ
fla)  Tla+1)

=% T omb—may e/ O 19

From (3.12),(3.13),(3.14),(3.15),we obtain the result.
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

3.2 Hadamard-type fractional integral in X7”

In this section we show that the Hadamard-type fractional integration operator #H ',

is defined on X?(a,b) for u > c.

Theorem 19 [/]/ Let o > 0,1 <p <o00,0<a <b<ooandlet 4 € R andceR
be such that > c,Then the operator "HZ, is bounded in X?(a,b) and

1“Ha llxe < K fllxe, (3.16)
where
1 b\"
K= ot D) (ln a) (3.17)
Jor p=c,
while
1
K = m(,u — ) Yy [a, (0 —c)ln (Z)} (3.18)
for u < c.

Proof 24 First consider the case 1 < p < oo .Since f(s) € XP(a,b) ,then sc_%f(s) €
L,(a,b) and we can apply the generalized Minkowsky inequality ,we have

s = ([ F(la)/: <i>#(1“§)alf<s>cf 7)
- / oty (1) )
e ()
[

t
v dt\?
== (I ) </u|t"’f(t)|pt> du

1" Hg

IN

and hence

where .
M = /a uF (In ) du.
1
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

Direct calculation show that M coincides with K given in (3.17) and (3.18), when
pw=cand pu > c, respectively. Thus (3.16) is proved for 1 < p < oo.

Let now p = oo we have

|t (qu+f> (s)] < F(la)/at (j)#_c (m i)&—l !scf(s)\cis

and thus
it ("HE F) (5)] < K@)[1F | xee, (3.19)
where
% . d
K(t) = / w9 (Inw)* g
1 U

When = ¢, then for any a <t <b

K(t) = F(ozl%—l) <ln Z)a < I‘(al—i—l) (ln 2)0‘. (3.20)

If p > ¢, then making the change of variable (u — c)u =y and taking the incomplete

Gamma function into account we find

(v, t) is increasing function and thus

KO < e 07y o= om (1) (321)

for any a <t <b. It follows from (3.19) and (3.21)that for any a <t <b

1 (PHEL f) ()] < K| fllxee (3.22)
where K is given by (3.17) and (3.18) when p = ¢ and u > c , respectivly.

Corollary 20 [/ Let a > 0,1 < p < 00,0 < a <b< oo and let p € R be such that
1

p > —. Then the operator "H' is bouded in L,(a,b) and
p

1“Hg fllp < Kl fllp,
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3. SOME FRACTIONAL INTEGRALS IDENTITIES

1
where K is given by (3.17) for u = —, while
p

1
for u > —.
p

Theorem 21 [/] Let a« > 0,1 <p <00,0<a<b<ooandletc<0. Then the

operator HY, is buonded in X(a,b) and
IHa fllxe < Kol fllxe,
where

forc=10, while

for c < 0.
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Chapter I

Hermite-Hadamard inequalities

4.1 Hermite-Hadamard’s inequalities for Hadamard

fractional integrals

Theorem 22 [12][11] Let f : [a,b] — R be a positive function with 0 < a < b and
f € L'a,b]. If f is a nondecreasing and convex function on [a,b], then the following

double inequalities for fractional integrals holds:

F(VB) < i s HE F(0) + HE ()] < £0), (4.)

Proof 25 Since [ is a nondecreasing and convex function on |a,b], we have for
z,y € la,b] :

s < g (T < 100 (4.2

Set © = 6lnb—s(lnb—lna) and y = 6lna—l—s(lnb—lna) fOT 0< s < 1’ then

2f (Vab) = 2f (Veltiina) < f (ehvstno-ina)) g (natsimo-ina)) (4 3)

Multiplying both sides of (4.3) by s, then integrating the resulting inequality with

respect to s over [0, 1].we obtain
2 2
if (w’ab> — 7f (y/elnb-i-lna)
o} o}

- /01 Saflf (elnbe(lnbflna)) ds + /01 Saflf (elnaJrs(lnbflna)) ds.

<Ji+Jy
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where

Jy = /01 ey (€lnb—s(lnb—lna)) ds

Inb—s(lnb—Ina) . _ Inb—Inu

)

by change of variable u = e , we have

Inb—-1na
Inb—Inu\*" du
hi= lna—lnb/ <1nb—1na> fw

J2 / a— 1f( Ina+s(Inb— 1na>d8

and

Inv —1
by change of variables v = emets(nb=na) o M, we have
Inb—1Ina
1 b (lnv—Ina\*"" dv
Ty = 7/ nvzma av
> Inb—1InaJa <lnb—lna> f(mv

then

I'(a) a a
Ji+ Jy = m[ﬂﬁﬂb) + Hy' f(a)l,

wich tmpllies that

FVal) < g S 500 + 5 f(@) (1.4

On the other hand, note that f is nondecreasing, we have
f(elnb—s(lnb—lna)> + f(elnzz—i-s(lnb—lna)) < 2f (elnb) _ Zf(b) (45)

Then multiplying both sides of (4.5) by s* and integrating the resulting inequality

with respect to s over [0,1], we obtain

/1 $OLf(eMmbmsinb—tna)y o | /1 51 f(matsnb-lna)y g
0

__ T
(Inb —1Ina)>

S 2f<€1nb) /01 Saflds
=2 50)

[Hey f(0) + Hy' f(a)]

wich yieds
M[H&f (b) + Hy f(a)] < 2f(b).
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Remark 23 The Theorem 22 is a result of the following Theorem:

Theorem 24 [/1] Let f : [x,y] — R be a positive function with 0 < z < y and
f € LYz,y]. If f is a convex function on [z,y], then the following double inequalities
for fractional integrals holds:

f(z) + f(y)
S

f <x+y> < [a+1) (46)

2 ) =20y —a) (RS, Fy) + Ry_f(x)] <

with o > 0.

Proof 26 Take x =Ina and y = Inb and using the operator A, we obtain

(e
2
r Af(ln Af(lnbd
< i e s AFn0) + Ay Af(na)] < A/ AT
then
fnegind Fla+1) o o f(e™) + f(e™)
f(e ) < m[ﬂ;ﬂ%@ + Hy" f(a)] < 5
Lo latl) oo o f(a) + f(b)
flazb?) < 2(Inb — In a)“[H“+f<b) T Hi-fa)] < 2
thus

FVA) < st e, £0) + 7 f(0)] < £0)

Example 4.1. Let a = 1,b = e,a = 2 and f(t) = t*.Then all the assumptons in
(4.1) are satisfied. Clearly,

Hi, fle) = /16(1 —1Ins)sds = /01 ue? W dy, = jleQ — i,

H? f(1) :/16$lnsds:/()lu62“du: i62+i. (4.7)
Thus,
| PR C RN 7L TR S JT00 D S

2(Ine —In1)? 2 2
We can obtain the following explicit estimate for some a € [0, 1].
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4.1.1 Hermite-Hadamard type inequalities for Hadamard-

fractional integrals

Theorem 25 [12][11] Let f : [a,b] — R be differentiable mapping on (a,b) with
0<a<b, Ifac|01],f € L'a,b] and is nondecreasing, then the following

equality for fractional integrals holds :

‘f(a) +/0)  Tla+1)
2

S He f(0) + Hy” f(a)]

2(Inb —1Ina)
b(lnb—1Ina)[a+2(Inb—Ina)" b ,
= 2 [a—l—l( 2 ) +2(o¢+1)]‘f(b)|‘ (48)

Proof 27 Using Lemma 3.1.1 and the nondecreasing property of f', we find

‘f(a)va(b) __Pla+1)
2 2(Inb — Ina)~

Inb—1Ina (! ,
ST/U f'(b)

_ b<lnb —In a)’f/(b” /é [(1 . S)a _ Sa] e—s(lnb—lna)ds
2 0

— ! 1
NUCUR DI RS
2 :

_ b(lnb— lga)!f’(b)l(,Cl k). (4.9)

[Hey f(b) + Hy f(a)]

eln b—s(Inb—Ina)

ds

(1 —s9)*—s"

where
1

by = /5 [(1 . S)a _ Sa] e—s(lnb—lna)ds’
0

1
kQ — [Sa o (1 . S)a] e—s(lnb—lna)ds'

o
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Calculating ki, we have :

1

kl /2 [(1 o S) Sa] efs(lnbflna)ds
</§ 1_2Sa —s(Inb— lna)ds
2 / Oé+1 6 lnbglnanS

1 Inb—Ina) "
< 1,270 (1
_max{, }<+a+1>< 5 )

-

-1
S0z+2 Inb—1Ina | (4.10)
a+1 2
where Lemma 1.4.1 and Lamma 1.4.2 are used. Calculating ko, we have:
1
ko = /1 |:9a . (1 . S)a‘| efs(lnbflna)ds
L 2
< / (28 o 1)a€—s(lnb—1na)d8
3
_ 1 2 S . 1 _Inb—Ina lna d
2 )
_ ;6—(lnb lna)/ (1 o T)OKGWTCZT
1
<= 2 —(Inb— Ilna)/ adT
Vi
= — 4.11
2+ 1) (4.11)

where Lemma 1.4.1 are used.

Theorem 26 [12/[11] Let f : [a,b] — R be differentiable mapping on (a,b) with
0<a<b, If ff e L' a,b] and is nondecreasing, then the following equality for

fractional integrals holds :

f(a) + f(b) I(a+1) . )
‘ “2(Inb—In a)a[HaJ (b) + Hy* f(a)]

MR- Do

a+1
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Proof 28 Using Lamma 3.1.1 and the nondecresing property of f', one can obtain:

’ﬂ@+fwﬂ_ Pla+1)
2 2(Inb—1na)

& G f(0) + H f(a)]

Inb—Ina (! o b—s(Inb_Ina
< I 1 = s = el 13 s,

_ b(inb 1;a)!f’(b)| 710 s = s

N b(lnb—1Ina)|f'(b)] st

5 . [s* — (1 — s5)%]ds
_ b(Inb—1Ina)|f'(b) 2 1
N 2 a+1 <1 a 20>
_ ’W (1- ) Irel (4.12)

Inb—s(Inb—Ina) < elnb

where e = b is used, The proof is completed.

Remark 27 The Theorem 26 is result of the following Theorem:

Theorem 28 Let [ : [x,y] — R be a differentiable mapping on (z,y) with x < y.
If | f'] is convex on [x,y], then following equality for integrals holds

‘ﬂ@+f@%_ﬂa+ﬂ
2 2(y — )

RS+ By @) < 2 (1= 55) 1@ + 1l

Proof 29 Take x =Ina,y = Inb and using the operator A we obtain

’A f(Ina) -2+ Af(inb) Q(IDFbaji@a[ s Af () + Ry Af (Ina))
- m (1 _ 21&) |Af'(Ina) + Af'(Inb)|
then
‘f(a) . f(b) Zanfbajia)a [H, f(0) + Hi f(a)]
< m (1 _ 21a> laf'(a) + bf'(b)]
< tmb=hna) () LY (4.13)
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4.1.2 Applications to some special means

Proposition 4.1.1. [12] Let a,b € R, a < b.Then

|A(a,b) — L(a,b)| < b(lnbg_lna> [6 (mb;lna>_ + a] (4.14)

and

b(lnb —Ina)

. (4.15)

|A(a7 b) - L(a’ b)| S

Proof 30 Applying Theorem (25) and Theorem (26) respectively , for f(x) = x and

_b(lnb—1Ina) (3 (Inb—lna 1+1\/6 4

= 2 2 2 Vol "4
b(Inb—1Ina) [ (Inb—Ina) " \/5

< —

< b [6( : ) )

the proof of 4.1/ is completed.

o =1, one can obtain:

atb  2(b—a)
2 2(Inb —1Ina)

And
atb  b—a <b(1nb—1na) (1_1)
2 Inb—Ina| — 2 2
Inb—1
< bnb—Ina) (4.16)
4
the proof of 4.15 is completed.
Proposition 4.1.2. [12] Let a,b € R",a < b and n € Z,|n| > 2.Then
A5y = 078 g g
’ Inb—Ina ™
< (n+ 10" (Inb — Ina) 5 Inb—1Ina _1+\/E ’ (4.17)
8 2 b
and
A5y — 078 g g
’ Inb—Ina "
n—+1 _
< (n+ 1)0" (Inb lna)‘ (4.18)

- 4
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Proof 31 Applying Theorem (25) and Theorem (26) respectively , for f(z) = a"**

and o = 1,2 € Rn € Z,|n| > 2, one can obtain:

an+1 + bn+1 bn+1 _ an+1

2 " (n+1)(Inb—Ina)

b(Inb—Ina) |3 (Inb—1Ina) " 1\/@ 4
< = i N x -
< 5 [2< 5 ) —1—4 b\(n+)b]><4

< (n—l—l)b”“g(lnb—lna) [6 (lnb—lna>l+ a] |

2 b

The proof of (4.17) is completed.

And
anJrl + bn+1 bn+1 _ an+1
2 ~ (n+1)(Inb—1Ina)
Inb—1
< b(nb4na)(n )"
- (n+ 1)b" 1 (Inb — Ina)
J— 4 .

The proof of (4.18) is completed.

Proposition 4.1.3. [12] Let a,b € R™(a < b),a™" > b '.For n € Z,|n| > 2,we

have
¥ (Inb—Ina) [ (Inb—1
1 IR nb—Ina nb—Ina a
_ < bl
B b.a) — L a )] < S [6( . >+ b],
(ii)
|H(b,a) — L(b™*, a7 Y)| < M7
4a
(iii)
“l—p! (n+1)(Inb—1na) Inb—1Ina a
Hlp L g Y T eyl Y| < a
‘ ( @) Inb—1Ina UL 8antl 0 2 + b|’
(iv)
1 _ -1
lmtl ome1ny, @ =0T (n+1)(Inb—1Ina)
‘H 0" a )—an(b ,a” )| < Py
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L and

Proof 32 Making the substitutions a — b~', b — a~
H(b,a) = A(a™,07Y)

in the inequalities (4.14) ,(4.15), (4.17) and (4.18) one can obtain desired inequali-

ties respectively.

4.2 Fractionl Integral Inequalities via Hadamard’s

Fractional Integral

Theorem 29 [1//[15] Let f be an integrable function on [1,00). Assume the fol-
lowing .

(hyy) There exist two integreable function 1, ps on [1,00) such that
o1(t) < f(t) < palt),Vt € [1,00). (4.19)
Then fort > 1,a,8 >0, one has

Hy or(OHE f(1) + Hoo(8) HYy f(1) 2 H oo Hi o1 (1) + He f(DH, f (1),

(4.20)
Proof 33 From (hyy), for all™ > 1,p > 1, we have
(p2(7) = f(7)) (f(p) = ¥1(p)) = 0. (4.21)
Therefore,
©2(7) f(p) + ¢1(p) f(T) = @1(p)pa(T) + f(7) [ (p). (4.22)
(Y
Multiplying both sides of (4.22) by ( T(a) ) , T € (1,1), get
(m )™ (m )™
PO ea(r) ) )
()" (m )"
> %(P)T(a)%(ﬂ + f(P)Wf(T)- (4.23)
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Integrating both sides of (4.23)with respect to T on (1 t) we obtain

f(p)r(la) /1 (D) ™

sl | (7)o
otnghy [ i)“ |
+f Fl t (ln j)a 1 (4.24)
which yields
F(p)He oa(t) + o1(p) Hey f(1) = o1(p) Hipa(t) + f(p) He (1), (4.25)
51

(ln(E
Multiplying both sides of(4.25) by ~—L~— p €
plying f(4.25) by ) " (

In(t ot In(t ot
<(p))f(/)) + H3+f(t)((p))

1,t),we have

HZ\ po(t) T(3) T (5) ©1(p)
oy ) o ()
> Ha+¢2(t)W901(P) + Ha+f(t)Wf(P)- (4.26)

Integrating both sides of(4.26) with respect to p € (1,t) ,we get

ot [ () %
Ha+wzr(ﬁ)/l (ln p) f(p) p
Ly
iz [ (nh) an?
, o1
> g [ (00) e

H SO [ (mf})ﬁl o (127)

Hence, we deduce inequality (4.20) as requested. This completes the proof.

Corollary 30 [1//[15] Let f be an integrable function on [1,00) satisfying m <
f(t) < M, forallt € [1,00) and m,M € R. Then fort >1 and o, > 0 , one has

(Int)’ (Int)®
mF(ﬁ 4 1>Ha+f<t) + MF(O( i 1)Hf+f<t>

(In¢)**™*
=" e+ DIB+1)

+ HOf(t) HY f (). (4.28)
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Corollary 31 [1//[15] Let f be an integrable function on [1,00) Assume that there

exists an integrable function o(t) on [1,00) and a constant M > 0 such that
p(t) = M < f(t) < p(t) + M, (4.29)
for allt € [1,00). Then fort > 1 and o, 3 > 0, one has

Hy (6 HE, f(1) + H o(t)Hyy f (D)
M (Int)? M (Int)®
Tlatl) arp(t) + meJrf(t)

M?(Int)o+?
T(a+ DB +1)

> H3+S0(t)H5+90(t) + H3+f(t)H6f(t)
M(Int)? M(Int)* 5
EESTR A (TR

Example 4.2. Let f be a function satisfying

o(t). (4.30)

Int < f(t) <1+Int

for t € [1,00). Then for t > 1 and a > 0, we have

2(Int)>*! (Int)> N
( T(a+2) T(a+ 1)) R £ ()

() ()

+ (H2 )

(4.31)

Theorem 32 [1/][15] Let a, f > 0. Let f be an integrable function on [1,00) and
1

p,q > 0 satisfying — + — = 1 suppose that (hy,) holds. Then for t > 1, Then the
p 4

following inequality

1 (Int)? »

];F( +1)Ha+ ((902_f> )(t)
1 (Int)® .
QF(T—i—l)H& ((f - 901) ) (t)

+ He oo () HP o1 () + HE, (D HL f (1)
> He oo () Hyy f(1) + HE, f (0 HY o1 (2) (4.32)

50



4. HERMITE-HADAMARD INEQUALITIES

Proof 34 According to the well known Young’s inequality.

Setting x = po(T) — f(7) and y = f(p) — v1(p), T, p > 1, we have
(ea(r) = £ + ¢ (Fl) = ealp))

> (g2 = (7)) (f(p) = ¢a1(p)) (4.33)

n8))" ()"
Tpl(e)T'(53)
(n2)" ()"

1
p Tl (@)T(B)

Multiplying both sides of (4.33)by < T, p € (1,t), we get

(02(1) = f(7))

t
1 T q
t a—1
(b)) (i)
> T (2(1) = f(7)) T()
x (f(p) = ¢1(p)) (4.34)

Integrating the above inequality with respect to T and p from 1 to t, we have

1

];Hng(l)(t)Hng (2 — f)" (1)

+ ;met)ff& (f =)' @)

> H (02 = ) OH (= 1) (1) (4.35)
wich implies (4.32).

Corollary 33 [1//[15] Let f be an integrable function on [1,00) satisfying m <
f(t) <M, forallt € [l,00) and m,M € R. Then fort > 1 and o, > 0, one has
(Int)*+? (Int)? 20
Lla+1I(B+1) T(BE+1) *F
(Int)” B g2 HP
+F(Oé+1)Ha+f ( )+2H +f( ) a+f(t)

>2(m+ M)

(m+ M)?

(Int)” e (Int)®
< (Fr e a0+ e (). (1.36)
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Example 4.3. [11][15] Let f be a function satisfying
Int < f(t) <1+Int

for t € [1,00).Then for ¢ > 1 and a > 0, we have

(In If)a 2 (In t)aH 4 (In t)a+2 o
Ia+1)  T(a+2) na+a*ﬂﬂwf@0
(Int)* (Int)*™\ (In¢)** ) ,
(a+1) * INGES 2)) I'(a+2) + (Ha+f<t))

(Int)* (In 75)0‘+1 N
(FM+1Y+na+m>Hwﬂ”
2 (Int)”
D(a+1)

Hiy (fInt) (1)

Theorem 34 [1//[15] Let o, 5 > 0, f be an integrable function on [1,00) and p,q >

0 satisfying p+q = 1. In addition, suppoose that (hyy) holds. Then, fort > 1, then
the following inequality

(Int)” (Int)*™ 4

———H® t ——H t

pr(ﬁ‘i‘l) a+902( )+qF<Oé—|—1> a+f( )

> H(pp — f)P()HL (f — 1)"(t)
(Int)” (Int)**

= 1N m[‘[w% ()

ST

HY f(t)+q (4.37)

Proof 35 From the well known weighted AM-GM inequality, by setting x = @o(T) —
f(r) = andy = f(p) —¢1(p), 7, p > 1, we have

pe2(7) = f(7)) + 4 (f(p) — #1(p))
> (pa(7) = F(7))" (f(p) = 1(p))* (4.38)
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a—1 B—1
In(t In(%
Multiplying both sides of (4.38) by (H(T:Zr<a><rll<<;5>))

()" ()"
EAONE)

,T,p € (1,t), we get

(p2(7) = f(7))

(n(3))" ,
2 TF(CY) (902(7—) - f(T))
In(t o
( ,)(F% (f(p) = wr(p))? (4.39)

Integrating the above inequality with respect to T and p from 1 to t, we have

pH (DO HE (92— (1)

+qHg (DO Hyy (f = 1) (D)

> Hg, (02 = PP(OHL(f = 1)"(8). (4.40)
Corollary 35 [1/][15] Let o, 5 > 0, f be an integrable function on [1,00) satisfying
m < f(t) < M, for allt € [1,00) and m, M € R.

Then fort > 1 ,then the following inequality

(Int)**+” (Int)
Dla+1)I(B+1) T(a+ 1)H5+f(t)

(Int)*** (Int)’
=M+ DB +1) " T(F+ 1) Ha f(®)

+2H" (M — f)? () H. (f —m)? (2). (4.41)

Example 4.4. [11][15] Let f be a function satisfying

Int < f(t) <1+ Int

for ¢t € [1, 00).
Then for ¢t > 1 and a > 0, we have
(Int)**
I?(a+1)

> 21, («/1 Flnt— f) (t)HO, ( f—In t) (t). (4.42)




Conclusion

The purpose of this work is to generalize integral inequalities of

Hermite-Hadamard type for the Hadamard fractional integral.
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